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Optimal and Robust Power Allocation for Visible
Light Positioning Systems under Illumination

Constraints
Musa Furkan Keskin, Ahmet Dundar Sezer, and Sinan Gezici

Abstract—The problem of optimal power allocation among
light emitting diode (LED) transmitters in a visible light posi-
tioning (VLP) system is considered for the purpose of improving
localization performance of visible light communication (VLC)
receivers. Specifically, the aim is to minimize the Cramér-Rao
lower bound (CRLB) on the localization error of a VLC receiver
by optimizing LED transmission powers in the presence of practi-
cal constraints such as individual and total power limitations and
illuminance constraints. The formulated optimization problem is
shown to be convex and thus can efficiently be solved via standard
tools. We also investigate the case of imperfect knowledge of
localization parameters and develop robust power allocation
algorithms by taking into account both overall system uncertainty
and individual parameter uncertainties related to the location
and orientation of the VLC receiver. In addition, we address
the total power minimization problem under predefined accuracy
requirements to obtain the most energy-efficient power allocation
vector for a given CRLB level. Numerical results illustrate the
improvements in localization performance achieved by employing
the proposed optimal and robust power allocation strategies over
the conventional uniform and non-robust approaches.

Index Terms– Visible light positioning, power allocation, robust
design, convex optimization, semidefinite programming, iterative
entropic regularization.

I. INTRODUCTION

A. Background and Motivation

With the advent of low-cost and energy-efficient light emit-
ting diode (LED) technologies, LED based visible light com-
munication (VLC) systems have gathered a significant amount
of research interest in the last decade [1]–[3]. Utilizing the
vast unlicensed visible light spectrum, VLC has the potential
to surmount the issue of spectrum scarcity encountered in
radio frequency (RF) based wireless systems [4]. In indoor
scenarios, VLC systems can employ the available lighting
infrastructure to provide various capabilities simultaneously,
such as illumination, high-speed data transmission, and local-
ization [2], [5]. Apart from their basic function of illuminating
indoor spaces, LEDs can be modulated at high frequencies to
accomplish high data rate transmission [3], [6], [7]. On the
other hand, the process of localization via visible light signals
can be realized by visible light positioning (VLP) systems,
where VLC receivers equipped with photo detectors can per-
form position estimation by exploiting signals emitted by LED
transmitters at known locations [5], [7]–[9]. Since line-of-sight
(LOS) links generally exist between LED transmitters and
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VLC receivers, and multipath effects are not very significant as
compared to RF based solutions [10], [11], VLP systems can
facilitate precise location estimation in indoor environments
[9], [12]–[14].

In order to provide satisfactory performance for mobile or
stationary devices, it is essential to investigate performance
optimization in visible light systems with respect to various
criteria, such as mean-squared error (MSE) minimization (e.g.,
[15]–[18]) and transmission rate maximization (e.g., [19]–
[27]). In the literature, transmit precoding and DC offset1

designs are extensively explored to improve the MSE perfor-
mance of multiple-input multiple-output (MIMO) VLC sys-
tems [15]–[18]. In addition to transceiver and offset designs in
VLC systems, an increasingly popular research strand focuses
on power allocation for LED transmitters to enhance system
performance [19]–[26], [28], [29]. Due to practical concerns
related to energy efficiency and LED lifespan, transmission
powers of LEDs in visible light systems are valuable resources
that can have profound effects on both transmission rates of
VLC systems and localization accuracy of VLP systems. In
[19], the total instantaneous data rate of LED arrays is con-
sidered as the performance metric for a MIMO VLC system
and the optimal strategy for LED power allocation is derived
under sum optical power and non-negativity constraints. The
studies in [20] and [22] perform power optimization for LEDs
to maximize the sum transmission rate of all subcarriers in a
VLC system employing optical orthogonal frequency-division
multiplexing (OFDM). With the aim of achieving proportional
fairness among users in a multi-user VLC network, the to-
tal logarithmic throughput is optimized in [23] and [26] to
identify the optimal LED power control strategy. Although
total and individual power constraints are extensively utilized
in power allocation optimization in VLC systems, several
studies incorporate color and luminance constraints into the
power optimization framework, as well, in compliance with
the illumination functionality of VLC systems [21], [24].
In general, power allocation algorithms in both VLC and
VLP systems should take into account a variety of design
requirements imposed by the multi-faceted nature of visible
light applications.

The concept of power allocation has also been widely
considered for RF based wireless localization networks [30]–
[39], where the transmit powers of anchor nodes (the locations
of which are known) can be optimized to improve the localiza-

1Optical intensity modulation in VLC systems requires that the amplitude
of the electrical drive current of the LED must be non-negative [19].
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tion accuracy of target nodes (with unknown locations). The
prevailing approach in such investigations is to adopt a math-
ematically tractable and tight bound on the localization error
as the performance metric and to formulate the optimization
problem under average and peak anchor power constraints. In
[30] and [31], anchor power allocation algorithms are designed
to minimize the total power consumption subject to predefined
accuracy requirements for localization of target nodes. For
cooperative localization networks, distributed power allocation
strategies are developed in [32], where the transmit powers of
both anchors and targets are optimally allocated to minimize
the squared position error bound (SPEB). Moreover, [35]
explores the problem of optimal power allocation for OFDM
subcarriers in the presence of both perfect and imperfect
knowledge of network parameters. As commonly observed
in RF wireless localization systems, optimal power alloca-
tion provides non-negligible performance benefits over the
traditional uniform strategy for a wide range of localization
scenarios.

B. Contributions
Motivated by the promising performance improvements

achieved via power allocation in both RF localization networks
and VLC systems, we propose the problem of optimal power
allocation for LED transmitters in a VLP system, where the
objective is to minimize the localization error of the VLC
receiver subject to practical constraints related to power and
illumination. Leveraging tools from convex optimization and
semidefinite programming (SDP), we formulate and solve
various optimization problems in both the absence and pres-
ence of parameter uncertainties. The power allocation problem
for VLP systems has the following key differences from the
one in RF based localization systems: (i) Due to the limited
linear region of operation, the LEDs are subject to both the
minimum and peak power constraints [17], [21], [40], [41]. (ii)
Since VLP systems serve the dual purpose of illumination and
localization, the problem formulation should include lighting
constraints that guarantee an acceptable level of illumination
in indoor spaces [41]–[44]. (iii) In contrast to RF systems in
which multipath components can severely affect the quality
of localization, the received signal power in VLP systems can
accurately be characterized by the Lambertian formula [11].

The main contributions of this study can be listed as follows:
• Problem Formulation for LED Power Allocation: For the

first time in the literature, we investigate the problem of
optimal power allocation among LED transmitters in a VLP
system for maximizing the localization accuracy of a VLC
receiver. Specifically, we employ the Cramér-Rao lower
bound (CRLB) on the localization error as the performance
measure and formulate the power allocation problem to
minimize the CRLB in the presence of transmission power
and illumination constraints.

• Robustness Under Overall System Uncertainty2: We con-
sider the problem of robust power allocation under imper-
fect knowledge of system parameters and demonstrate that

2Overall system uncertainty is defined as the uncertainty related to all
the system parameters except for the transmit powers and mathematically
formulated as a perturbation matrix.

the resulting worst-case CRLB minimization problem can
equivalently be transformed into a convex program, which
further simplifies to an SDP via constraint relaxation.

• Robustness Under Individual Parameter Uncertainties: We
present robust power allocation schemes in the presence of
uncertainties in the location and orientation of the VLC
receiver. To tackle the resulting intractable optimization
problems, we propose an iterative entropic regularization
approach where, at each iteration, a convex problem is
solved and a three (two)-dimensional grid search is executed
over the uncertainty region corresponding to the location
(orientation) of the VLC receiver.

• Sum Power Minimization Under Preset Accuracy Con-
straints: We formulate the minimum power consumption
problem under the constraint that the CRLB for localization
of the VLC receiver does not exceed a certain threshold.
We also extend the problem to the case of overall system
uncertainty and prove that the resulting worst-case accuracy
constrained optimization problem is shown to be reformu-
lated as a convex one, leading to efficient solutions.

In addition, numerical results show that the proposed optimal
power allocation approach for LED transmitters yields sig-
nificant localization performance gains over the conventional
uniform power assignment method. For the case of imperfect
knowledge of localization related parameters, the proposed
robust power allocation strategies are shown to outperform
the uniform and non-robust (which disregards the uncertainty
in parameter measurements) strategies.

II. SYSTEM MODEL

We consider a VLP system with NL LED transmitters and a
VLC receiver, where the objective is to estimate the unknown
location of the VLC receiver by utilizing signals emitted by the
LED transmitters. As is commonly the case for visible light
systems [5], [45], we assume a line-of-sight (LOS) scenario
between each LED transmitter and the VLC receiver. Then,
the received signal at the VLC receiver due to the ith LED
transmitter is formulated as [45]

ri(t) = αiRp si(t− τi) + ηi(t) (1)

for i ∈ {1, . . . , NL} and t ∈ [T1,i, T2,i], where T1,i and T2,i
specify the observation interval for the signal coming from
the ith LED transmitter, αi is the optical channel attenuation
factor between the ith LED transmitter and the VLC receiver
(αi > 0), Rp is the responsivity of the photo detector at the
VLC receiver, si(t) is the transmitted signal of the ith LED
transmitter, which is nonzero over an interval of [0, Ts,i], τi
is the TOA of the signal emitted by the ith LED transmitter,
and ηi(t) is zero-mean additive white Gaussian noise with a
spectral density level of σ2. To enable independent processing
of signals coming from different LED transmitters, a certain
type of multiple access protocol, such as frequency-division or
time-division multiple access [46], [47], can be employed [4].
Thus, the noise processes, η1(t), . . . , ηNL

(t), are modeled to
be independent. In addition, we assume that the VLC receiver
has the knowledge of Rp and si(t), i ∈ {1, . . . , NL}.
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The TOA parameter in (1) can be expressed as

τi = ‖lr − lit‖
/
c+ ∆i (2)

where c is the speed of light, ∆i denotes the time offset
between the clocks of the ith LED transmitter and the VLC
receiver, lr = [lr,1 lr,2 lr,3]

T and lit =
[
lit,1 l

i
t,2 l

i
t,3

]T
denote

the locations of the VLC receiver and the ith LED transmitter,
respectively, and ‖lr−lit‖ specifies the distance between the ith
LED transmitter and the VLC receiver. For synchronous VLP
systems, ∆i = 0 for i = 1, . . . , NL as all the LED transmitters
and the VLC receiver are synchronized to a common time
reference. On the other hand, for asynchronous systems, where
there is no synchronization between the LED transmitters and
the VLC receiver, ∆i’s are modeled as deterministic unknown
parameters.

Using the Lambertian model [48], the channel attenuation
factor αi in (1) can be written as3

αi = − (mi + 1)S

2π

[
(lr − lit)Tnit

]mi
(lr − lit)Tnr

‖lr − lit‖
mi+3 (3)

where mi is the Lambertian order for the ith LED transmitter,
S is the area of the photo detector at the VLC receiver, and
nr = [nr,1 nr,2 nr,3]

T and nit =
[
nit,1 n

i
t,2 n

i
t,3

]T
specify

the orientation vectors of the VLC receiver and the ith LED
transmitter, respectively [45], [50].4

It is assumed that the parameters S, nr, mi, lit, and nit
for i = 1, . . . , NL are known by the VLC receiver. For
example, the orientation of the VLC receiver, nr, can be
measured through a gyroscope and the parameters of the LED
transmitters (mi, lit and nit) can be transmitted to the receiver
via visible light communications.5

Remark 1. In VLP systems, the types of signal metrics that
can be utilized for position estimation depend on whether the
considered system is synchronous or asynchronous. The TOA
parameter in (2) can be used only for synchronous systems
as ∆i’s are unknown in asynchronous scenarios. On the other
hand, the RSS parameter in (3) conveys information related
to the unknown location of the VLC receiver, lr, in both
synchronous and asynchronous VLP systems since it does
not depend on the time offsets ∆i’s. Hence, in synchronous
scenarios, both the TOA and RSS parameters can be employed
for positioning, whereas in asynchronous scenarios, only the
RSS parameter can be used for estimating lr. The analysis
in the subsequent sections is generic in the sense that it
covers both synchronous VLP systems (which rely on hybrid
TOA/RSS based positioning) and asynchronous VLP systems
(which utilize only the RSS parameter for positioning).

3As the optical channel attenuation αi is non-negative and governs the
received signal level, it can be regarded as the received signal strength (RSS)
parameter in VLP systems [49].

4For example, nr = [0 0 1]T means that the VLC receiver is pointing
upwards.

5The communication interval between each LED transmitter and the VLC
receiver can be divided into two non-overlapping time slots, in which the
ranging signals si(t) can be transmitted in the first one and the parameters
of the transmitter can be sent in the second one. The VLC receiver can
estimate its own location using the ranging signals and the related parameters
transmitted by the LEDs via a consistent LOS link between each LED
transmitter and the VLC receiver.

III. OPTIMAL POWER ALLOCATION FOR LEDS

In this section, we establish a theoretical framework for the
optimization of LED transmit powers with the aim of maxi-
mizing the localization performance of the VLC receiver. First,
we describe the optimization variables and the optimization
performance metric. Then, by incorporating several practical
constraints related to indoor visible light scenarios, we present
the formulation of the optimal power allocation problem.

A. Optimization Variables

The transmitted signal si(t) from the ith LED transmitter
can be expressed as

si(t) =
√
Pi s̃i(t) (4)

for i ∈ {1, . . . , NL}, where s̃i(t) is a base signal such that∫ Ts,i
0

(s̃i(t))
2dt/Ts,i = 1, and Pi is a parameter that specifies

the transmit power of the ith LED. Then, the optical power
of si(t) can be obtained as [45]

Eopt
i =

∫ Ts,i

0

si(t)dt
/
Ts,i =

√
Pi Ẽ

opt
i (5)

where Ts,i denotes the period of si(t) and Ẽopt
i is the optical

power of s̃i(t), defined as

Ẽopt
i ,

∫ Ts,i

0

s̃i(t)dt
/
Ts,i . (6)

On the other hand, the electrical power consumed by the
ith LED, Eelec

i , is proportional to Pi [48]; that is, Eelec
i ∝∫ Ts,i

0
(si(t))

2dt/Ts,i = Pi. In this study, we aim at optimizing
the electrical powers of the transmitted signals by adjusting
{Pi}NL

i=1 to maximize the localization performance.

B. Optimization Metric

The CRLB on the variance of any unbiased estimator l̂r for
the location of the VLC receiver lr can be expressed as

E
{
‖l̂r − lr‖2

}
≥ trace

{
J−1(p)

}
(7)

where the Fisher information matrix (FIM) is given by [49]

J(p) = (I3 ⊗ p)TΓ (8)

with

p , [P1 . . . PNL ]
T ∈ RNL (9)

Γ ,

γ1,1 γ1,2 γ1,3

γ2,1 γ2,2 γ2,3

γ3,1 γ3,2 γ3,3

 ∈ R3NL×3 (10)

γk1,k2 ,
[
γ
(1)
k1,k2

. . . γ
(NL)
k1,k2

]T
∈ RNL (11)

for k1, k2 ∈ {1, 2, 3}. I3 and ⊗ in (8) represents, respectively,
the 3× 3 identity matrix and the Kronecker product, Pi in (9)
is as defined in Section III-A and γ

(i)
k1,k2

in (11) is given by
Appendix A.6

6The FIM expression J(p) in (8) comprises both synchronous and asyn-
chronous VLP scenarios, i.e., it represents both hybrid TOA/RSS based
positioning and RSS-only positioning, with the difference being reflected in
γ
(i)
k1,k2

in (11). Please see (64)–(66) in Appendix A to see how γ
(i)
k1,k2

differs
between synchronous and asynchronous cases.
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We employ the CRLB in (7) as the optimization perfor-
mance metric for quantifying the localization accuracy of the
VLC receiver.7 The reason for this choice is that the maximum
likelihood (ML) estimator for the location of the VLC receiver
can attain the CRLB for sufficiently high signal-to-noise ratios
(SNRs) [51], [52]. In addition, the CRLB expression facilitates
theoretical analyses and results in mathematically tractable
formulations. Also, the usage of the CRLB as a performance
measure renders the analysis independent of any specific
location estimator, thereby providing a generic framework for
power allocation in VLP systems.

C. VLP System Constraints

Certain constraints must be imposed on a VLP system while
designing LED power optimization schemes in order to satisfy
illumination, energy, and hardware related requirements. In
particular, the following system constraints are taken into
account in the power optimization problem:

1) Individual Power Constraints: Lower and upper bound
constraints for LED powers must be incorporated to ensure
that transmission powers of LEDs lie inside the linear region
of operation so that the LED output power is proportional
to the input drive current, which provides efficient electrical-
to-optical conversion [17], [21], [40], [41], [53]. In addition,
self-heating induced by a high drive current may shorten the
LED lifetime [54]. Hence, the resulting constraint set is given
by

P1 , {p ∈ RNL : plb � p � pub} (12)

where plb ∈ RNL and pub ∈ RNL denote, respectively, the
lower and upper bounds on p in (9).

2) Total Power Constraint: Due to power consumption
restrictions of LEDs and human eye safety considerations,
the total electrical power of LEDs in a VLP system must be
limited [22], [41], [48], [55]. Therefore, we have the following
constraint set regarding the total power limit:

P2 , {p ∈ RNL : 1Tp ≤ PT} (13)

where PT determines the total electrical power constraint of
LEDs.

3) Individual Illumination Constraints: Since VLP systems
are utilized also for indoor lighting in addition to other benefits
such as data transmission and localization, a certain level
of brightness must be maintained over the room and/or at
specified locations [41]–[44]. The illuminance (lm/m2, lx) is
used as a measure of brightness, which is defined as the
luminous flux (lm) per unit area [56]. Combining [44, Eq. 3],
[56, Eq. 16.3] and (5), the horizontal illuminance at location
x generated by the ith LED can be calculated as

Iiind(x, Pi) =
√
Pi φi(x) (14)

7It should be emphasized that this performance metric constitutes a lower
bound on the positioning error of unbiased estimators and therefore may not
be the same as the actual positioning error. However, as will be shown in
Section VII-B, the optimization based on the CRLB leads to a similar level
of improvement on the RMSE performance of the ML estimators.

where

φi(x) ,
(mi + 1)κiẼ

opt
i

2π

[
(x− lit)Tnit

]mi
(lit,3 − x3)

‖x− lit‖
mi+3 (15)

with Ẽopt
i being as defined in (6) and κi denoting the luminous

efficacy (lm/W) of the ith LED, defined as the optical power
to luminous flux conversion efficiency [56]. Then, the total
illuminance at x produced by all the LEDs can be obtained
as follows [57]:

Iind(x,p) =

NL∑
i=1

Iiind(x, Pi) =

NL∑
i=1

√
Pi φi(x) (16)

Let L denote the number of locations at which the illuminance
constraint is to be satisfied. Then, the corresponding constraint
set can be defined as

P3 , {p ∈ RNL : Iind(x`,p) ≥ Ĩ`, ` = 1, . . . , L} (17)

where Ĩ` is the illuminance constraint defined for location x`.
4) Average Illumination Constraint: The expression in (16)

quantifies the illuminance level at a specified location in the
room. It may also be necessary to keep the average illuminance
over the room above a certain threshold to comply with av-
erage brightness requirements. Then, the average illuminance
is

Iavg(p) =

NL∑
i=1

√
Pi

∫
A φi(x)dx

|A|
(18)

where A denotes the region where the average illuminance
constraint must be satisfied and |A| denotes the volume of A.
The constraint set associated with the average illuminance is
given by

P4 , {p ∈ RNL : Iavg(p) ≥ Ĩavg} (19)

where Ĩavg is the average illuminance constraint.
Remark 2. In addition to the lower bounds on the illu-

mination levels in (17) and (19), we can also impose upper
bound constraints to alleviate eye safety risks in human
environments. However, since the total power constraint in
(13) effectively limits the illumination level, an additional
upper bound constraint in (17) and (19) is not required. To
express this observation in a formal manner, let {Ĩub` }L`=1 and
Ĩubavg denote the upper bounds on the individual and average
illuminance levels in (17) and (19), respectively. Then, it
follows from the Cauchy-Schwarz inequality that these upper
bound constraints are satisfied if we choose the total power
limit in (13) as

PT ≤ min

{
min

`∈{1,...,L}

(Ĩub` )2

‖φ(x`)‖2
,

(Ĩubavg)2

‖ϕ‖2

}
, (20)

where φ(x) = [φ1(x) . . . φNL
(x)]

T and ϕ = [ϕ1 . . . ϕNL
]
T

with ϕi ,
∫
A φi(x)dx

|A| for i ∈ {1, . . . , NL}.
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D. Problem Formulation

Considering the optimization metric in Section III-B and
the system constraints in Section III-C, the problem of optimal
power allocation for LED transmitters can be formulated as
follows:

minimize
p

trace
{
J−1(p)

}
(21a)

subject to p ∈ P (21b)

where P ,
⋂4
i=1 Pi and J(p) is given by (8). In the

proposed power optimization framework in (21), we search
for the optimal power vector that minimizes the CRLB for
the localization of the VLC receiver subject to power and
illumination constraints.8 The following lemma establishes the
convexity of (21).

Lemma 1. The optimization problem in (21) is convex.
Proof: First, the convexity of f(p) , trace

{
J−1(p)

}
in

p is shown as follows: Consider any p1 ∈ RNL , p2 ∈ RNL ,
and λ ∈ [0, 1]. Then,

f(λp1 + (1− λ)p2) (22)

= trace
{([

I3 ⊗ (λp1 + (1− λ)p2)
]T

Γ
)−1}

(23)

= trace
{(
λ(I3 ⊗ p1)TΓ + (1− λ)(I3 ⊗ p2)TΓ

)−1}
(24)

≤ λf(p1) + (1− λ)f(p2) (25)

where (22) follows from (8), (24) is the result of the properties
of Kronecker product, and (25) is due to the convexity of
trace

{
X−1

}
for X � 0 [58]. Since the constraint sets P1 in

(12) and P2 in (13) are linear, and P3 in (17) and P4 in (19)
are convex due to the concavity of (16) and (18) with respect
to p, the combined constraint set P is convex, thus proving
the convexity of (21) in p.

Based on Lemma 1, it is noted that optimal LED power
allocation strategies can be obtained via standard convex
optimization tools [58], [59].

IV. ROBUST POWER ALLOCATION WITH OVERALL
SYSTEM UNCERTAINTY

In Section III, the optimal power allocation is performed by
assuming perfect knowledge of localization parameters, which
however may not be realistic for practical VLP scenarios. In
this section, robust optimization schemes will be designed
for power allocation among LED transmitters in the presence
of overall uncertainty in VLP system parameters9. In the
following, we present the problem formulation for robust
power allocation with overall system uncertainty in VLP
scenarios and demonstrate that it can be reformulated as a
convex optimization problem, which can further be simplified
to an SDP via feasible set relaxations.

8With the optimal power allocation strategy in (21), the available resources
of the LED transmitters can be employed to provide improved localization
accuracy and a desired level of illumination simultaneously (i.e., no extra
power resources are needed for localization in addition to those utilized for
illumination).

9The meaning of overall uncertainty will be clarified in Section IV-A.

A. Problem Statement

Considering the optimization problem in (21), the matrix Γ
in (10) contains all the information required for LED power
optimization based on (8). Since the knowledge of localization
related parameters is imperfect in practice, it is assumed that
Γ is measured with some uncertainty; that is,

Γ̂ = Γ + ∆Γ (26)

where Γ̂ is the estimated/nominal matrix and ∆Γ represents
the error matrix that accumulates all the uncertainties in
localization parameters. As in [60]–[63], a deterministically
bounded error model is considered for ∆Γ, i.e.,

∆Γ ∈ E , {∆Γ ∈ R3NL×3 : ‖∆Γ‖ ≤ δ} (27)

for a known size of uncertainty region δ, where ‖·‖ stands for
the matrix spectral norm.

For the robust counterpart of (21), the aim is to minimize
the worst-case CRLB over all uncertainties in the form of
‖∆Γ‖ ≤ δ. Hence, considering the error model in (26), the
robust min-max design problem corresponding to the CRLB
optimization in (21) can be stated as follows:

minimize
p

max
∆Γ∈E

trace
{(

(I3 ⊗ p)T (Γ̂−∆Γ)
)−1}

(28a)

subject to p ∈ P (28b)

where E is as defined in (27) and P is the feasible region in
(21b).

Remark 3. As observed from (10), (11) and (64)–(71), the
uncertainty in Γ (equivalently, the uncertainty in γ(i)k1,k2 in (64))
may result from an imperfect knowledge of the following VLP
system parameters: Rp, lr, nr, lit, n

i
t and mi. The maximum

possible errors in estimating these parameters can be obtained
by utilizing the characteristics of the devices on the LED
transmitters and the VLC receiver. For instance, orientation
measurement error bounds can be figured out via auxiliary
sensor (e.g., gyroscope, accelerometer, magnetometer) prop-
erties, while the responsivity of the photodetector and the
Lambertian order of the LED transmitters can be determined
in a bounded interval from device characteristics. In addition,
the uncertainty in lr can be estimated from the tracking error
covariance matrix. Hence, it is reasonable to assume that the
uncertainty in γ

(i)
k1,k2

is bounded and known. Denoting this
uncertainty level by ε

(i)
k1,k2

(i.e.,
∣∣γ̂(i)k1,k2 − γ

(i)
k1,k2

∣∣ ≤ ε
(i)
k1,k2

where γ̂(i)k1,k2 represents the estimated value of γ(i)k1,k2 ), we have

‖∆Γ‖ ≤ ‖∆Γ‖F = ‖Γ̂− Γ‖F (29)

=

(
3∑

k1=1

3∑
k2=1

NL∑
i=1

(
γ̂
(i)
k1,k2

− γ(i)k1,k2
)2)1/2

(30)

≤

(
3∑

k1=1

3∑
k2=1

NL∑
i=1

(
ε
(i)
k1,k2

)2)1/2

, δ

(31)

where ‖·‖F is the matrix Frobenius norm. Therefore, in
practice, the uncertainty level δ in (27) can be computed via
(29)–(31).
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Remark 4. The motivation for studying the overall system
uncertainty comes from its mathematical tractability that al-
lows for the characterization of uncertainties in a large number
of individual parameters (e.g, locations, orientations and other
device properties) as a single perturbation/error matrix whose
spectral norm is upper bounded by a known value. This
uncertainty model has also been used in the localization
literature (e.g., [63]) and can lead to computationally favorable
robust problem formulations, as will be shown in Section IV-B.
The difference between the overall system uncertainty and
individual parameter uncertainties (which will be investigated
in Section V) is that the former one reflects the combined
effect of all the uncertainties in individual parameters using a
conservative error model, i.e., via a matrix perturbation model
(as in [63, Sec. III-C]) that involves the aggregate uncertainty,
while the latter one exploits the specific characteristics of
the individual uncertainty regions (e.g., spherical uncertainty
set for the location in (44) or bounded angular deviations in
orientation measurements in (48)) for achieving robustness
in localization (i.e., each individual parameter is considered
separately). In cases where it is difficult to handle the uncer-
tainty sets collectively for all individual parameters (note that
γ
(i)
k1,k2

, defined in (64)–(71), is a very complicated expression
in terms of the uncertainty sources, e.g., Rp, lr, nr, lit, n

i
t

and mi [64]), the overall uncertainty model can be especially
beneficial in facilitating simultaneous treatment of individual
uncertainties. Therefore, it should be emphasized that the
individual parameter uncertainties in Section V are not the
special cases of the overall system uncertainty in Section IV;
rather, they allow us to investigate the effect of each uncertain
parameter on the localization performance independently by
itself [64].

B. Equivalent Convex Reformulation of (28a)

The problem in (28a) is challenging to solve in its current
form and its direct solution is computationally prohibitive. In
the following proposition, we demonstrate that (28a) can be
reformulated as a convex program.

Proposition 1. The robust power allocation problem in
(28a) can equivalently be expressed as the following convex
optimization problem:

minimize
p,t,H,s,µ

t (32a)

subject to trace
{
H
}
≤ t− ds (32b)

Φ(p,H, s, µ) � 0 (32c)
H � 0, µ ≥ 0 (32d)
p ∈ P (32e)

where

Φ(p,H, s, µ) ,

H + sI I 0

I (I3 ⊗ p)T Γ̂− µI − δ2 (I3 ⊗ p)T

0 − δ2 (I3 ⊗ p) µI


(33)

and d is the dimension of localization.
Proof: We utilize the following lemmas for the proof [61].

Lemma 2 (18c in [65]). Let X ∈ Rd×d be a symmetric
matrix. Then, trace

{
X
}
≤ t if and only if there exists s ∈ R

and H ∈ Rd×d such that

trace
{
H
}
≤ t− ds, H � 0, H + sI � X . (34)

Lemma 3 (Lemma 2 in [60]). For matrices A, B and C
with A = AT , the matrix inequality

A � BTXC + CTXTB , ∀X : ‖X‖ ≤ δ (35)

is satisfied if and only if there exists a µ ≥ 0 such that[
A− µCTC −δBT

−δB µI

]
� 0 . (36)

By introducing a slack variable t, (28a) can equivalently be
written in the epigraph form as follows:

minimize
p,t

t (37a)

subject to trace
{(

(I3 ⊗ p)T (Γ̂−∆Γ)
)−1} ≤ t ,

∀∆Γ : ∆Γ ∈ E (37b)
p ∈ P (37c)

First, using Lemma 2 for the constraint in (37b) leads to the
following inequalities:

trace
{
H
}
≤ t− ds, H � 0 (38a)

H + sI �
(
(I3 ⊗ p)T (Γ̂−∆Γ)

)−1
, ∀∆Γ : ∆Γ ∈ E

(38b)

for some s ∈ R and H ∈ Rd×d. Next, applying the Schur
complement lemma to (38b), we have[

H + sI I

I (I3 ⊗ p)T (Γ̂−∆Γ)

]
� 0 , ∀∆Γ : ∆Γ ∈ E .

(39)

Rearranging (39), an inequality of the form (35) is obtained
as[

H + sI I

I (I3 ⊗ p)T Γ̂

]
� BT∆Γ C + CT∆ΓTB ,

∀∆Γ : ∆Γ ∈ E (40)

where B , 1
2 [0 (I3 ⊗ p)] and C , [0 I]. Then, via

Lemma 3, (40) is transformed into the constraint in (32c),
which completes the proof.

C. SDP Formulation via Feasible Set Relaxation

Since (32c) is a linear matrix inequality (LMI) in the
variables p, H, s and µ [66], the problem in (32) is convex. In
addition, if the general convex constraint (32e) can be relaxed
to a linear one by replacing P with an appropriate P̃ satisfying
P̃ ⊇ P , (32) simplifies to an SDP with a linear objective and
a set of LMI constraints [67]. By squaring both sides of (17)
and applying the arithmetic mean-geometric mean inequality,
a relaxed version of P3 is obtained as

P̃3 , {p : φ(x)Tp ≥ Ĩ2` /1Tφ(x), ` = 1, . . . , L} ⊇ P3

(41)
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where φ(x) = [φ1(x) . . . φNL
(x)]

T . Similarly, P4 in (19) can
be relaxed to

P̃4 , {p : ϕTp ≥ Ĩ2avg/1Tϕ} ⊇ P4 (42)

where ϕ = [ϕ1 . . . ϕNL ]
T with ϕi ,

∫
A φi(x)dx

|A| . Hence,
by defining P̃ , P1 ∩ P2 ∩ P̃3 ∩ P̃4 and replacing P
with P̃ in (32e), (32) becomes an SDP problem and thus
can be solved very efficiently using available convex op-
timization softwares [59], [68]. The worst-case complexity
of an SDP with n variables and m constraints is given by
O(max(m,n)4n1/2 log(1/ε)), where ε is the tolerance level
[69]. Thus, the computational complexity of the SDP version
of (32), which is obtained from the feasible set relaxations,
can be expressed as O(N4.5

L log(1/ε)).

V. ROBUST POWER ALLOCATION WITH INDIVIDUAL
PARAMETER UNCERTAINTIES

In this section, we consider robust power allocation schemes
under individual uncertainties related to localization parame-
ters in VLP systems. In indoor tracking applications, VLC
receiver position lr can be predicted to lie in a validation
region, but its exact position cannot perfectly be known.
Similarly, VLC receiver orientation nr may be subject to
measurement errors since the measurement devices such as
gyroscopes tend to generate noisy parameter estimates. Hence,
individual parameter uncertainties must be taken into account
while deriving optimal strategies for LED power allocation. In
the following, we first present the problem formulations in the
presence of uncertainties in the location and the orientation of
the VLC receiver. Then, we propose an iterative approach to
solve the resulting intractable optimization problems.

A. Uncertainty in VLC Receiver Location

To formulate the robust power allocation problem in the
presence of uncertainties about the location of the VLC
receiver, we assume that the nominal location l̂r is a perturbed
version of the true location lr, i.e.,

l̂r = lr + elr . (43)

As in [61], [64], [70], we assume a spherical uncertainty set
for the location errors, i.e.,

elr ∈ Elr , {e ∈ R3 : ‖e‖ ≤ δlr} (44)

where δlr is a known value that represents the size of the
uncertainty region. Then, the power allocation problem in (21)
based on worst-case CRLB minimization can be formulated as

minimize
p

max
elr∈Elr

trace
{(

(I3 ⊗ p)T Γ(̂lr − elr)
)−1}

(45)
subject to p ∈ P

where Γ(̂lr − elr) denotes the matrix Γ in (10) evaluated at
lr = l̂r − elr .

B. Uncertainty in VLC Receiver Orientation

The orientation vector of the VLC receiver can be expressed
as

nr(θ, φ) = [sin θ cosφ sin θ sinφ cos θ]
T (46)

where θ and φ represent the polar and the azimuth angles,
respectively [64]. According to (46), the uncertainty related to
the orientation of the VLC receiver can be modeled as angular
uncertainties in θ and φ [64]. Hence, the nominal (measured)
polar and azimuth angles can be written as

θ̂ = θ + eθ, φ̂ = φ+ eφ (47)

where θ and φ are the true values of the angles, and eθ and eφ
represent the errors in angular measurements, for which the
bounded uncertainty sets can be defined as

eθ ∈ Eθ , {e ∈ R : |e| ≤ δθ} (48a)

eφ ∈ Eφ , {e ∈ R : |e| ≤ δφ} (48b)

with δθ and δφ denoting the maximum possible angular
deviations. Then, the robust counterpart of (21) in the case
of orientation uncertainties can be stated as

minimize
p

max
eθ∈Eθ
eφ∈Eφ

trace
{(

(I3 ⊗ p)T Γ
(
nr(θ̂ − eθ, φ̂− eφ)

))−1}
(49)

subject to p ∈ P

where nr(· , ·) is as defined in (46) and Γ
(
nr(θ, φ)

)
is the

matrix Γ in (10) evaluated at nr = nr(θ, φ).

C. Iterative Entropic Regularization Algorithm

In this part, we develop a unified power allocation algorithm
design for solving the robust optimization problems in (45) and
(49). To this end, let the error vectors and the corresponding
uncertainty sets in (44) and (48) be defined as follows:

ẽ ,

{
elr , uncertainty in VLC receiver location
(eθ, eφ) , uncertainty in VLC receiver orientation

(50)

Ẽ ,

{
Elr , uncertainty in VLC receiver location
Eθ × Eφ , uncertainty in VLC receiver orientation

(51)

In addition, the objective functions in (45) and (49) can be
represented by

ψ(p, ẽ) ,

trace
{(

(I3 ⊗ p)T Γ(̂lr − elr)
)−1}

trace
{(

(I3 ⊗ p)T Γ
(
nr(θ̂ − eθ, φ̂− eφ)

))−1}
(52)

where the first and second rows denote, respectively, the cases
for the uncertainty in the location and the orientation. Then,
based on (50)–(52), the problems in (45) and (49) can be
unified into a single optimization framework as follows:

minimize
p

max
ẽ∈Ẽ

ψ(p, ẽ) subject to p ∈ P (53)
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The inner problem in (53) is not convex since ψ(p, ẽ) is
not concave in ẽ. Moreover, the epigraph form of (53) results
in a semi-infinite optimization problem whose constraints
(in the form of ψ(p, ẽ) ≤ t, ∀ ẽ ∈ Ẽ , for some t ∈ R)
do not admit a tractable convex reformulation, as in (37b).
Furthermore, the exhaustive search method for solving (53) has
a computational complexity that is exponential in the number
of LED transmitters NL. Therefore, it is challenging to solve
(53) in a computationally efficient manner via conventional
techniques.

To tackle the robust design problem in (53), our algorithmic
approach is to use an iterative entropic regularization pro-
cedure that successively decreases the objective value of the
outer problem by updating the power vector p while simulta-
neously refining the optimal value of the inner maximization
problem [71], [72]. Let the objective function of the outer
problem in (53) be defined as

Ψ(p) , max
ẽ∈Ẽ

ψ(p, ẽ) . (54)

The continuous uncertainty set Ẽ can be discretized using
n points in Ẽ to obtain a subset Ẽn of Ẽ . Then, Ψ(p) in
(54) can be approximated by Ψn(p) , max

ẽ∈Ẽn
ψ(p, ẽ). To

circumvent the non-differentiability of Ψn(p), we can employ
the following entropic regularized/smoothed approximation of
the max function [71], [58, p. 72]:

Ψn
% (p) ,

1

%
log

{ ∑
ẽ∈Ẽn

exp
(
%ψ(p, ẽ)

)}
(55)

where % is the regularization constant [72].
Based on the regularized function in (55), we propose

the iterative entropic regularization algorithm in Algorithm 1,
which consists of the following steps [71], [72]:
• Outer Minimization: The objective function Ψ(p) in (54)

is approximated by the smoothed version Ψn
% (p) in (55).

The resulting convex problem10 in (56) can efficiently be
solved via standard tools of convex optimization [58].

• Inner Maximization: Using the power vector p? obtained
from the outer minimization step, the inner maximization
problem of (53) is solved in (57) by performing a three
(two)-dimensional grid search over Ẽ for the case of
the uncertainty in the location (orientation) of the VLC
receiver.

Algorithm 1 can be shown to converge to a global minimum
of (53) [71]. It is worth noting that the computational burden
of (53) is significantly reduced via Algorithm 1 as compared
to the exhaustive search approach, as mentioned in the next
subsection.

D. Complexity Analysis

In this part, we discuss the computational complexity of
Algorithm 1 and compare it with that of the exhaustive search
based solution of (53). At each iteration, Algorithm 1 involves

10Since ψ(p, ẽ) is a convex function of p for a given ẽ (see (52) and
Lemma 1) and the log-sum-exp function is convex [58, p. 72], the resulting
composition Ψn% (p) is convex in p.

Algorithm 1 Iterative Entropic Regularization Algorithm to
Solve the Robust Power Allocation Problem in (53)

Initialization:
Select ẽ1 ∈ Ẽ , set Ẽ1 = {ẽ1}, n = 1 and k = 1.
Select % > 0, ε ∈ (0, 1), ς > 0 and Ngrid ∈ Z+.
Iterative Step:
(Outer Problem) Solve the following convex optimization problem with a
tolerance level of εk:

p? = arg min
p∈P

Ψn% (p) (56)

where Ψn% (p) is given by (55).
(Inner Problem) Obtain a new candidate from the uncertainty region Ẽ
using a grid search over the prespecified Ngrid points:

ẽn+1 = arg max
ẽ∈Ẽ

ψ(p?, ẽ) (57)

where ψ(p, ẽ) is as defined in (52).
Update k = k + 1.
(Check the Objective Value)
if ψ(p?, ẽn+1) > Ψn% (p?) then

Set Ẽn+1 = Ẽn ∪ {ẽn+1}.
Update n = n+ 1.
Update % = max(%, log(n)2).

end if
(Check the Tolerance Value)
if εk + log(n)/% > ς then

Update % = %+ log(n).
end if
Stopping Criteria:
ψ(p?, ẽn+1) ≤ Ψn% (p?) and εk + log(n)/% ≤ ς .

solving a convex optimization problem and a grid search
over the uncertainty region. Let O(C) denote the complexity
of the convex optimization problem in (56) and Ngrid the
number of points employed for the grid search over Ẽ in
(57). Then, the per-iteration complexity of Algorithm 1 is
given by O(C) +O(Ngrid). Regarding the exhaustive search
technique for solving (53), let each axis of the feasible region
P ⊂ RNL be discretized using O(M) different values. Thus,
the outer iteration of (53) has a computational complexity of
O(MNL). Utilizing Ngrid points for the inner iteration, the
overall complexity becomes O(MNL Ngrid). Therefore, the
complexity of the exhaustive search method grows exponen-
tially with the number of LED transmitters, whereas that of
Algorithm 1 is primarily determined by the convex problem in
(56), which can be solved in polynomial time [65]. As a result,
Algorithm 1 has significantly lower computational complexity
than the exhaustive search based solution.

VI. MINIMUM POWER CONSUMPTION PROBLEM

In practical indoor VLP systems, the power consumption
of LEDs and the localization error of VLC receivers must
be jointly considered in a power optimization problem. In
Section III, Section IV and Section V, the aim is to minimize
the localization error while satisfying power and illumination
related constraints. However, for improved energy efficiency
of VLP systems, the total power consumption of LEDs must
also be taken into account in addition to localization perfor-
mance requirements [73].11 Therefore, similar to the minimal

11Energy efficient localization algorithms have been considered also for RF
sensor networks in the literature (e.g., [74]).
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illumination level problem in VLC systems [18], [54], we
consider the minimum power consumption problem for VLP
systems, where the objective is to minimize the total power
consumption of LEDs while keeping the CRLB of the VLC
receiver below a predefined level. In the following subsections,
we first investigate the problem of total power minimization
under perfect knowledge of localization parameters and then
study robust power allocation designs in the presence of
uncertainties.

A. Power Minimization with Perfect Knowledge

In the absence of uncertainties in localization parameters,
the minimum power consumption problem can be formulated
as follows:

minimize
p

1Tp (58a)

subject to trace
{
J−1(p)

}
≤ ε (58b)

p ∈ Ps (58c)

where 1Tp determines the total electrical power consumption,
Ps , P1 ∩ P3 ∩ P4 and ε represents the maximum tolerable
CRLB level for the localization of the VLC receiver. In
(58), we seek to find the most energy-efficient LED power
assignment scheme satisfying a certain level of localization
accuracy. As implied by Lemma 1, the optimization problem
in (58) is convex.

The significance of the considered problem in (58) for VLP
systems lies in the fact that it yields the minimum value of
PT in (13), above which the optimal solution of (21) always
achieves a lower CRLB than the specified design level, ε.
In other words, a certain level of localization performance is
guaranteed by setting PT above the obtained minimum value
in (58), as in the minimal illumination level problem in VLC
systems [54].

B. Robust Power Minimization with Imperfect Knowledge

In this part, we consider the robust counterpart of the
power minimization problem in (58) under deterministic norm-
bounded uncertainty in matrix Γ in (10) based on the error
model in (26). Thus, we assume that the errors in Γ belong to
a bounded uncertainty region as in Section IV-A and develop
a robust approach that guarantees the localization performance
measure for all the uncertainties in the specified region.
Accordingly, the robust design problem can be formulated as

minimize
p

1Tp (59a)

subject to trace
{(

(I3 ⊗ p)T (Γ̂−∆Γ)
)−1} ≤ ε ,
∀∆Γ ∈ E (59b)

p ∈ Ps (59c)

where E is given by (27) and ε represents the constraint on
the worst-case CRLB. Similar to (28a), the semi-infinite pro-
gramming problem in (59) can equivalently be reformulated
as a convex problem, as shown in the following proposition.

TABLE I
LOCATIONS AND ORIENTATIONS

Location of LED-1, l1t [1 1 5]T m

Location of LED-2, l2t [1 9 5]T m

Location of LED-3, l3t [9 1 5]T m

Location of LED-4, l4t [9 9 5]T m

Orientation of LEDs, nit (i = 1, 2, 3, 4) [0 0 − 1]T

Location of VLC Receiver, lr [3 3 0.5]T m

Orientation of VLC Receiver, nr [0.5 0 0.866]T

Location of Illumination Constraint-1, x1 [1 1 1]T m

Location of Illumination Constraint-2, x2 [1 9 1]T m

Location of Illumination Constraint-3, x3 [9 1 1]T m

Location of Illumination Constraint-4, x4 [9 9 1]T m

Proposition 2. The robust power allocation problem in (59)
is equivalent to the following convex optimization problem:

minimize
p,H,s,µ

1Tp (60a)

subject to trace
{
H
}
≤ ε− ds (60b)

Φ(p,H, s, µ) � 0 (60c)
H � 0, µ ≥ 0, p ∈ Ps (60d)

where Φ(p,H, s, µ) is defined as in (33).
Proof: The proof directly follows from that of Proposi-

tion 1.

VII. NUMERICAL RESULTS

In this section, we provide numerical examples to investi-
gate the performance of the proposed optimal and robust power
allocation designs for VLP systems.

A. Simulation Setup

We consider a VLP scenario in a room of size 10×10×5 m3,
where there exist NL = 4 LED transmitters and a VLC re-
ceiver. The locations and the orientations of the LED transmit-
ters and the VLC receiver are provided in Table I. In addition,
L = 4 locations are determined for individual illumination
constraints, which are also displayed in Table I. The average
illuminance in (18) is calculated over the horizontal plane of
the room at a fixed height of 1 m.

The scaled version of the transmitted signal, s̃i(t), in (4) is
modeled as s̃i(t) = 2

3 (1 − cos(2π t/Ts,i))(1 + cos(2πfc,i t))
for i = 1, . . . , NL and t ∈ [0, Ts,i], where Ts,i is the pulse
width and fc,i is the center frequency [45], [75].12 From
(6), the optical power of s̃i(t) is calculated as Ẽopt

i = 2/3.
In accordance with [43], [45], [64], [75], [76], the VLP
system parameters utilized throughout the simulations are
given in Table II. In addition, an asynchronous VLP system is
considered, i.e., the time offsets {∆i}NL

i=1 in (2) are modeled
as unknown parameters.

12The constant factor 2/3 is included to satisfy
∫ Ts,i
0 (s̃i(t))

2dt/Ts,i = 1,
as indicated in Section III-A.
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TABLE II
SIMULATION PARAMETERS

Responsivity of Photo Detector, Rp 0.4 mA/mW
Area of Photo Detector, S 1 cm2

Spectral Density Level of Noise, σ2 1.3381× 10−22 W/Hz
LED Lambertian Order, mi (i = 1, 2, 3, 4) 1
LED Luminous Efficacy, κi (i = 1, 2, 3, 4) 284 lm/W
Min. LED Optical Power 5 W
Max. LED Optical Power 20 W

Min. Illuminance Level, Ĩavg, Ĩ` (` = 1, 2, 3, 4) 30 lx
Transmitted Pulse Width, Ts,i (i = 1, 2, 3, 4) 1µs
Center Frequency, fc,i (i = 1, 2, 3, 4) 40 + 20(i− 1) MHz
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Fig. 1. CRLB of (21) versus PT/NL for optimal and uniform power
allocation strategies for various locations of the VLC receiver.

B. Power Allocation with Perfect Knowledge

In this part, we investigate the effects of the proposed
optimal power allocation approach on the localization perfor-
mance of the VLC receiver under the assumption of perfect
knowledge of localization related parameters. Since this is the
first study to consider power allocation in VLP systems, the
uniform power allocation strategy (i.e., Pi = PT/NL, i =
1, . . . , NL) is also illustrated for comparison purposes.

Fig. 1 plots the CRLB achieved by the optimal solution of
(21) versus PT/NL, which determines the average electrical
power limit, for various locations of the VLC receiver. It
is observed that the optimal power allocation approach can
provide significant improvements in localization performance
over the conventional uniform power allocation approach. In
addition, we note that the performance improvement becomes
more pronounced as the VLC receiver moves away from the
center of the room. The reason is that the contribution of
each LED to the Fisher information in (8) becomes almost
equal at the room center whereas the LEDs are less symmetric
at the corners. Moreover, due to the limited linear operation
regime of the LEDs, the optimal strategy exhibits a similar
performance to that of the uniform strategy for sufficiently
high values of PT. Furthermore, when PT is lower than
a certain value, the problem becomes infeasible due to the
average illumination constraint, and the uniform and optimal
strategies achieve the same CRLB at that value of PT.

In order to evaluate how the optimization based on the
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Fig. 2. RMSEs of the ML estimators and the CRLBs corresponding to
optimal and uniform power allocation strategies with respect to PT/NL.

CRLB metric reduces the true positioning error, we implement
the ML estimator in [49, Eq. (44)] using the LED optical pow-
ers obtained from the optimal solution of (21). Fig. 2 shows
the root-MSEs (RMSEs) of the ML estimators corresponding
to the optimal and uniform power allocation strategies along
with the corresponding CRLBs with respect to PT/NL. We
observe that power optimization based on the CRLB metric
can provide a level of performance enhancement in terms of
the RMSE of the ML estimator that is congruent with what is
predicted by the CRLB.

To investigate the power allocation performance in the
presence of multiple VLC receivers, we also consider the
problem of average CRLB minimization of NV receivers

minimize
p

1

NV

NV∑
`=1

trace
{
J−1` (p)

}
(61a)

subject to p ∈ P (61b)

where J`(p) denotes the FIM for the `th receiver. Fig. 3
depicts the average CRLB performance of (61) with three VLC
receivers against PT/NL for the cases of optimal and uniform
power allocation. Similar to the scenario with a single VLC
receiver, substantial localization performance gains within the
dynamic range of the LEDs can be achieved via power
optimization with multiple receivers. Hence, different receivers
can simultaneously utilize the available power resources at the
LED transmitters, resulting in improved efficiency of the VLP
system.

C. Robust Power Allocation in the Presence of Overall System
Uncertainty

To illustrate the performance of the robust power allocation
in the presence of overall system uncertainty, as discussed in
Section IV, several numerical examples are provided for the
problem in (32), which is equivalent to the original robust
problem in (28a). Since the goal of robustness is to optimize
the worst-case performance, we investigate the worst-case
CRLBs achieved by the following strategies:
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Fig. 3. Average CRLB of three VLC receivers in (61) versus PT/NL for
optimal and uniform power allocation strategies, where the receiver locations
are given by l1r = [1.5 3 0.5]T m, l2r = [3 3 0.5]T m, l3r = [6 8 0.5]T m,
and the receiver orientations are given by n1

r = [0.5 0 0.866]T , n2
r =

[0.5 0 0.866]T , n3
r = [−0.2198 − 0.6040 0.7660]T .

• Robust: The robust strategy takes into account the un-
certainty in Γ and solves the problem in (32). Then, the
resulting optimal value t? of the slack variable t yields
the worst-case CRLB.

• Non-robust: The non-robust strategy ignores the uncer-
tainty in Γ and directly utilizes the nominal matrix Γ̂
in (26) to solve the power allocation problem in (21).
To obtain the worst-case CRLB corresponding to optimal
power vector pn−rob of (21), pn−rob is inserted into (32)
as a fixed quantity. Hence, the worst-case CRLB t? is
calculated by solving

t? = min
t,H,s,µ

t (62a)

subject to trace
{
H
}
≤ t− ds (62b)

Φ(pn−rob,H, s, µ) � 0 (62c)
H � 0 (62d)
µ ≥ 0 (62e)

where Φ(p,H, s, µ) is given by (33).
• Uniform: In this strategy, the uniform power allocation

vector is used and the corresponding worst-case CRLB
is obtained via (62) by replacing pn−rob with the uniform
power vector.

The worst-case CRLBs are averaged over 100 Monte Carlo
realizations. For each realization, an error matrix ∆Γ is
randomly chosen from the uncertainty set E in (27) and
the nominal matrix Γ̂ is generated according to (26). Then,
each strategy is evaluated by using realizations for which that
strategy is feasible13.

13More specifically, we fix the number of feasible realizations beforehand
and continue to pick new matrices from the uncertainty region until the
predefined number of feasible realizations is reached. For the robust strategy,
feasibility refers to the problem in (32) being feasible for a given realization Γ̂.
For the non-robust and uniform strategies, feasibility means that the problem
in (62) is feasible, which is equivalent to the worst-case CRLB in (62a) being
finite.
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Fig. 4. Worst-case CRLB and the percentage of feasible realizations in
(28a) versus the level of uncertainty δ, where the average power limit is
PT/NL = 400.

Fig. 4 shows the worst-case CRLB performance and the
feasibility rate of the considered power allocation strategies
against the level of uncertainty δ in (27). It is observed that the
performance of all the strategies deteriorates as the uncertainty
increases, as expected. For small uncertainty regions (i.e.,
small δ), the robust strategy has almost the same performance
as its non-robust counterpart. However, the robust strategy
outperforms the non-robust strategy for large uncertainty re-
gions, which results from the design philosophy in (28a). More
specifically, since the nominal matrix Γ̂ deviates substantially
from the true matrix Γ for large values of δ, the non-robust
strategy, which treats Γ̂ as the true matrix in LED power opti-
mization, results in poor worst-case localization performance.
On the other hand, the robust approach attempts to minimize
the performance degradation by utilizing the properties of the
uncertainty region E in (27).

As noted from Fig. 4, the robust strategy also provides
the highest feasibility rate among all the strategies since
the feasible region of (62) is smaller than that of (32) (the
constraint set (32e) is replaced by a single point in (62)). In
addition, the feasibility rate of the uniform strategy undergoes
a sharp decline after a certain level of uncertainty, which
distorts the monotonic behavior of its worst-case CRLB around
the point where this decline occurs. It is worth noting that
the non-robust strategy achieves a higher feasibility rate and
lower worst-case CRLB than the uniform strategy for small δ,
but this trend changes as δ increases. The reason is that for
small δ, the non-robust approach can find near-optimal power
allocation vectors in the sense of (28a) (since solving (21)
is almost equivalent to solving (28a) for small δ) whereas
the uniform power vector does not take into account the
localization related parameters (e.g., locations and orientations
of the LED transmitters and the VLC receiver) and assigns
equal power to all the LEDs, which leads to low feasibility
rates and large errors in localization. On the other hand, for
high δ, the performance of the non-robust strategy becomes
worse than that of the uniform strategy with increasing errors
in Γ̂.
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D. Robust Power Allocation in the Presence of Individual
Parameter Uncertainties

In this part, we consider the robust power allocation
schemes designed for the case of individual parameter un-
certainties, as discussed in Section V. In the simulations, we
explore the performance of the three strategies as mentioned in
Section VII-C using 100 Monte Carlo realizations. The robust
strategy is obtained by solving (53) via Algorithm 114. For the
non-robust strategy, the uncertainty set Ẽ in (51) is ignored and
the nominal parameters (i.e., l̂r in (43) or (θ̂, φ̂) in (47)) are
employed for power allocation via (21). To compute the worst-
case CRLB for a given power vector p∗, which corresponds
to Ψ(p∗) in (54), we use a multi-start optimization algorithm
for globally solving the maximization problem in (54).

Fig. 5 depicts the worst-case CRLB performance versus the
level of uncertainty in the VLC receiver location, δlr , for the
considered strategies.15 As seen from Fig. 5, the proposed
robust power allocation approach always achieves lower worst-
case CRLBs than the other two strategies. In addition, the
performance benefit provided by the robust strategy over its
non-robust counterpart becomes more evident for larger values
of δlr . Hence, the robust scheme in (45) can effectively exploit
the characteristics of the uncertainty region Elr in (44) to
optimize the worst-case localization performance. This also
indicates that the proposed power allocation algorithm in Al-
gorithm 1 can successfully converge to the optimal solution of
(45). Moreover, we observe that the uniform strategy performs
worse than the non-robust strategy for small δlr . However, as
δlr increases, the non-robust approach is outperformed by the
uniform approach since the latter blindly assigns equal powers
to the LEDs by disregarding parameter measurements whereas
the former employs the highly inaccurate measurement of lr
for power allocation of the LEDs.

In Fig. 6, we plot the worst-case CRLBs against the level
of uncertainty in the polar angle of the VLC receiver (δθ in
(48a)) for two different levels of uncertainty in the azimuth
angle (δφ in (48b)). As seen from Fig. 6, the proposed robust
power allocation strategy offers the best worst-case CRLB
performance among all strategies. In addition, we note that the
performance gain achieved via the robust approach becomes
more prominent for larger uncertainty regions Eθ and Eφ in

14For the grid search in (57) with the spherical uncertainty region in (44),
the radial dimension is sampled uniformly using Nrad = 5 points over
[0, δlr ], while the polar and azimuth dimensions are sampled uniformly using
Norient = 10 points in the intervals [0, π] and [0, 2π], respectively. Hence,
the grid search is executed over Ngrid = 500 discrete locations. Similarly,
in the case of orientation uncertainty defined by the sets in (48a) and (48b),
the polar (θ) and azimuth (φ) dimensions are discretized uniformly using
Norient = 10 points over [−δθ, δθ] and

[
−δφ, δφ

]
, respectively, which

leads to a grid search over Ngrid = 100 points in the uncertainty region.
15 Even though the x-axis (uncertainty in location) and the y-axis (CRLB

for location estimation) of Fig. 5 may seem to be conflicting with one
another, they actually refer to different stages of a positioning/tracking
system. In particular, the x-axis corresponds to the uncertainty in the receiver
location that derives from the error covariance matrix of the tracking filter
(e.g., Kalman filter) while the y-axis corresponds to the errors in location
measurements, which can be quantified by the CRLB expression. In a VLP
tracking scenario, the y-axis and the x-axis denote, respectively, the errors
in the measurement and tracking blocks of a positioning system. Therefore,
in Fig. 5, we aim to optimize the location measurement performance (i.e.,
CRLB) by utilizing the uncertainty information coming from the tracking
block.
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Fig. 5. Worst-case CRLB of (45) versus the level of uncertainty in the
location of the VLC receiver δlr , where the average power limit is PT/NL =
400.

(48). Moreover, additional numerical experiments for comput-
ing the worst-case RMSEs achieved by the considered power
allocation approaches indicate that the level of improvement
in the actual positioning error (i.e., RMSE) is analogous to
that achieved by the worst-case CRLB optimization.

E. Minimum Power Consumption Problem

In this subsection, numerical examples are provided for the
power allocation designs in Section VI.

1) Power Allocation with Perfect Knowledge: We explore
the electrical power consumption corresponding to the optimal
solution of (58) and provide a comparison with the uniform
power allocation scheme, which is obtained from (58b) as

Pi = trace
{(

(I3 ⊗ 1)TΓ
)−1}

/ε (63)

for i = 1, . . . , NL.
Fig. 7 plots P ?avg versus

√
ε for the optimal and uniform

power allocation strategies, where P ?avg corresponds to the
optimal value of (58a) divided by NL (which is proportional to
the average electrical power consumption) and ε is the desired
CRLB level in (58b). From the figure, we observe power
saving gains of around 30% via the optimal approach for
centimeter-level accuracy requirements. In addition, it is seen
that the optimal strategy becomes equivalent to the uniform
strategy when the desired level of localization accuracy is suf-
ficiently low, which results from the illumination constraints.

2) Robust Power Allocation with Imperfect Knowledge: We
provide examples for the case of uncertainty in VLP system
parameters, discussed in Section VI-B. For the robust strategy,
we solve (60), which is equivalent to the original problem in
(59) by Proposition 2, to get the optimal power vector, while
the non-robust strategy is obtained by replacing Γ̂ with Γ in
(58). In addition, the uniform strategy is given by (63) with
Γ replaced by Γ̂.

Fig. 8 depicts the cumulative distribution function (CDF)
of the CRLBs obtained by the considered strategies for two
different uncertainty levels, δ = 0.1 and δ = 0.2, by setting the
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Fig. 6. Worst-case CRLB of (49) versus the level of uncertainty in the polar
angle of the VLC receiver δθ for two different values of uncertainty in the
azimuth angle δφ, where the average power limit is PT/NL = 400.
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Fig. 8. CDF of localization CRLBs achieved by robust, non-robust and
uniform strategies in the case of deterministic norm-bounded uncertainty for
the matrix Γ, where the worst-case CRLB constraint in (59b) is set to

√
ε =

0.1 m and two different uncertainty levels are considered, namely, δ = 0.1
(above) and δ = 0.2 (below).

worst-case accuracy level as
√
ε = 0.1 m. It is observed that

the robust algorithm, which solves (60), satisfies the accuracy
constraint in (59b) for all the realizations of Γ in accordance
with the robust design approach, which also verifies the
validity of Proposition 2. On the other hand, the non-robust
and uniform strategies are not able to satisfy the accuracy
constraint for approximately 50% of the realizations since they
do not consider the uncertainty in Γ in allocating powers to
the LEDs. Also, the CRLBs are observed to be more spread
out for higher δ for all strategies. In Fig. 9, we show P ?avg with
respect to δ, where P ?avg is the optimal value of (59a) divided
by NL. It is seen that the robust strategy must utilize more
transmission power with increasing δ in order to guarantee
the specified level of accuracy for larger uncertainty regions,
as expected. Hence, the relative performance gain of the robust
strategy can be achieved at the cost of higher transmit powers
and increased computational complexity, which results from
solving (60) rather than the original problem (58). However,
as opposed to the non-robust power allocation, the robust
approach provides a solid theoretical guarantee for satisfying
the worst-case CRLB constraint in (59b).

VIII. CONCLUDING REMARKS

In this paper, we have considered the problem of optimal
power allocation for LED transmitters in a VLP system. The
optimization problem has been formulated to minimize the
CRLB for the localization of the VLC receiver under practical
constraints on transmission powers and illumination levels.
Under the assumption of perfect knowledge of localization
related parameters, the power allocation problem has been
shown to be convex and thus efficiently solvable. In the
presence of overall uncertainty, we have investigated the robust
design problem that aims to minimize the worst-case CRLB
over deterministic norm-bounded uncertainties and proved that
it can be reformulated as a convex optimization problem. In
addition, we have formulated the robust min-max problems
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where the worst-case accuracy constraint is

√
ε = 0.1 m.

corresponding to the uncertainties in individual parameters,
namely, the location and the orientation of the VLC receiver.
To solve the min-max problem, we have proposed an iter-
ative entropic regularization algorithm, whereby the original
problem is transformed into a sequence of convex programs
and a grid search is performed over the uncertainty region.
Moreover, the problem of total power minimization has been
explored under preset accuracy requirements. Simulation re-
sults have demonstrated the effectiveness of the optimal power
allocation approach in enhancing the localization performance
compared to the traditional uniform strategy. Furthermore, the
proposed robust power allocation designs have been shown
to outperform their non-robust counterparts, especially for
large uncertainty regions. Regarding the minimum power
consumption problem, power saving gains of 30% by the
optimal strategy have been observed relative to the uniform
power allocation approach.

APPENDIX

A. Definition of γ(i)k1,k2

γ
(i)
k1,k2

in (11) is defined as follows [49]:

γ
(i)
k1,k2

=

{
γ
(i),syn
k1,k2

, if synchronous VLP system
γ
(i),asy
k1,k2

, if asynchronous VLP system
(64)

γ
(i),syn
k1,k2

,
R2
p

σ2

(
Ei2

∂αi
∂lr,k1

∂αi
∂lr,k2

+ Ei1α
2
i

∂τi
∂lr,k1

∂τi
∂lr,k2

− Ei3αi
(
∂αi
∂lr,k1

∂τi
∂lr,k2

+
∂τi
∂lr,k1

∂αi
∂lr,k2

))
(65)

γ
(i),asy
k1,k2

,
R2
p

σ2

(
Ei2 −

(Ei3)2

Ei1

)
∂αi
∂lr,k1

∂αi
∂lr,k2

(66)

Ei1 ,
∫ Ts,i

0

(
s̃′i(t)

)2
dt (67)

Ei2 ,
∫ Ts,i

0

(
s̃i(t)

)2
dt (68)

Ei3 ,
∫ Ts,i

0

s̃i(t)s̃
′
i(t)dt (69)

∂τi
∂lr,k

=
lr,k − lit,k
c‖lr − lit‖

(70)

∂αi
∂lr,k

= − (mi + 1)S

2π

((
(lr − lit)Tnit

)mi−1
‖lr − lit‖

mi+3 (71)

×
(
mi n

i
t,k(lr − lit)Tnr + nr,k(lr − lit)Tnit

)
−

(mi + 3)(lr,k − lit,k)

‖lr − lit‖
mi+5

(
(lr − lit)Tnit

)mi
(lr − lit)Tnr

)
where s̃′i(t) denotes the derivative of s̃i(t).
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