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Abstract

In a visible light positioning (VLP) system, a receiver castimate its location based on signals transmitted
by light emitting diodes (LEDSs). In this manuscript, we igtigate a quasi-synchronous VLP system, in which
the LED transmitters are synchronous among themselvesrbuhat synchronized with the receiver. In quasi-
synchronous VLP systems, position estimation can be paddrby utilizing time difference of arrival (TDOA)
information together with channel attenuation informatiteading to a hybrid localization system. To specify
accuracy limits for quasi-synchronous VLP systems, thenéraRao lower bound (CRLB) on position estimation
is derived in a generic three-dimensional scenario. Thediyext positioning approach is adopted to obtain the
maximum likelihood (ML) position estimator based direabhy received signals from LED transmitters. In addition,
a two-step position estimator is proposed, where TDOA andived signal strength (RSS) estimates are obtained
in the first step and the position estimation is performededaon the TDOA and RSS estimates, in the second
step. The performance of the two-step positioning techmigushown to converge to that of direct positioning at
high signal-to-noise ratios based on asymptotic propedfeML estimation. Finally, CRLBs and performance of
the proposed positioning techniques are investigateditfir@imulations.
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I. INTRODUCTION

Recently, there has been a growing interest in the potensial of visible light systems based on
light emitting diodes (LEDs) for the purpose of communiocas, especially in indoor environments
[1]-[4]. Since LEDs are increasingly deployed for illumiimen purposes due to their energy efficiency,
integration of visible light communication (VLC) to LED mebrks appears as an appealing idea to
provide communication and illumination simultaneously-[®]. The potential widespread use of LEDs
also inspires a growing number of visible light positionif\d_P) systems, in which signals transmitted
by LEDs are utilized for location estimation [6]-[11]. LECased localization is a promising approach
as it can provide highly accurate position information jpexsively through installation of a few LEDs
[12]-[15], which is beneficial for various applications Buas asset tracking and robotic control [16].

Similar to radio frequency (RF) based localization, VLPteyss utilize various parameters such as
time of arrival (TOA), time difference of arrival (TDOA), ceived signal strength (RSS), and/or angle of
arrival (AOA) for extracting the position of a target objéce., a VLC receiver) [6], [17]. In practice, the
choice of parameters to be employed for localization isrd@teed based on desired accuracy levels and
system requirements. An important system requirementegptesence of a synchronization mechanism,
which is necessary for time based VLP systems that utiliz& ®OTDOA information. Depending on the
existence of a synchronization mechanism, VLP systems ea@ategorized as/nchronous, asynchronous,
and quasi-synchronous. In a synchronous VLP system, all LED transmitters and VLCeheers are
synchronized (for example, via a common reference clock@reds there is no synchronization among
any of them in an asynchronous VLP system. On the other hamgliasi-synchronous VLP systems, LED
transmitters are synchronized among themselves but anet@®nous with VLC receivers. Asynchronous
VLP systems facilitate low-complexity implementationsesbsas the synchronous VLP systems have the
highest complexity. Between these two categories, quasiFsonous systems require synchronization
only among LED transmitters, which can be realized relstieasily via cabling during the installation

of LED infrastructures.



In synchronous VLP systems, location related informatian be extracted from the TOA parameter
based on its relation to the time-of-flight of a received alda0], [12], [18], [19]. In [10], the time delay
parameter of a received signal is exploited to perform raihge distance) estimation in a synchronous
VLP system, and the corresponding Cramér-Rao lower bo@iR1LB) is investigated for various system
parameters. In addition, the Ziv-Zakai bound (ZZB) for raregtimation is derived for synchronous VLP
systems in the presence of prior information in [19]. Moo synchronous VLP system employing
both TOA and RSS information is investigated in [12]. Thigdstigation includes not only a theoretical
framework, which provides a CRLB expression for positiotinegtion in a generic three-dimensional
scenario, but also direct and two-step estimation algmstfor extracting the position of a VLC receiver,
which are shown to achieve accuracies as high as the theadrétnit for high signal-to-noise ratios
(SNRs).

Due to its low-complexity nature, asynchronous VLP systeage been considered in numerous papers
in the literature such as [8], [9], [11], [12], [14], [20]-%2 For instance, the work in [8] employs RSS
measurements to obtain the desired position via trildt@raOn the other hand, a theoretical analysis is
carried out to explore the fundamental limits on the acthévaccuracy of RSS based position estimators in
[11], which considers a system with multiple photodiodescpt on the target object forming an aperture-
based VLC receiver. Moreover, [23] combines AOA and RSSrinftion to enhance positioning accuracy
in an asynchronous VLP system and illustrates performamgeavements over AOA based positioning
via simulations. Finally, [12] investigates an asynchmies&/LP systems by providing theoretical results
on attainable accuracies as well as algorithms for esthgdtie desired position.

In quasi-synchronous VLP systems, the relative travel tiniermation (i.e., TDOA) of transmitted
signals from a set of LEDs can be utilized by a VLC receivercsihEDs are synchronous among
themselves. Various studies in the literature utilize tH2OR parameter for position estimation [15],
[26]-[33]. For instance, [27] investigates theoreticatwacy limits for position estimation based on

TDOA measurements. The work in [15] focuses on an LED basealilation system in which a VLC



receiver is located with centimeter level accuracy by ewyiplp TDOA measurements. A recent study in
[26] proposes a practical low complexity VLP system implaeteel on a hardware which utilizes TDOA
parameters and reports the positioning accuracy.aasentimeters. Although there exist studies focusing
on practical localization algorithms for quasi-synchrogd/LP systems, theoretical limits and optimal
estimators have not been investigated for such systemseititérature. In addition, joint utilization of
TDOA and RSS information has not been considered for quesiksonous VLP systems. Even though
some papers, such as [34], [35], focus on hybrid positiositcitemes that employ both TDOA and RSS
parameters in RF based positioning systems, localizatiersible light systems requires new formulations
and analyses as the channel characteristics are signijichiférent in optical systems compared to those
in RF systems.

Since VLC receivers are commonly placed on mobile objeciblimg is not an option for synchro-
nizing LED transmitters with VLC receivers; hence, realgia synchronous VLP system (with precise
synchronization) is costly and challenging. On the otherdhdahe quasi-synchronous scenario requires
a synchronization mechanism only among LED transmitteftschvare usually at fixed locations (e.qg.,
on the ceiling of a room). Therefore, quasi-synchronous \8yBtems are practical and cost effective
compared to synchronous VLP systems. In addition, theylerthle use of the TDOA parameter, which
cannot be utilized in asynchronous VLP systems, to extracation related information. Overall, it is
important to investigate quasi-synchronous VLP systenschwis the aim of this manuscript.

In this work, quasi-synchronous VLP systems, which utilocgh TDOA and RSS information, are
analyzed. In particular, a CRLB expression is derived faifpan estimation in such systems. To the best
of authors’ knowledge, theoretical limits for quasi-syramious VLP systems have not been available in
the literature. The provided CRLB expression is generichim $ense that it is valid for any system pa-
rameters such as orientations of LED transmitters and shafpgulses transmitted from LEDs. Moreover,
the maximum likelihood (ML) estimator for the position of a¥ receiver is obtained considering a

direct positioning approach, in which position estimatisiperformed based on received signals directly.



Furthermore, a two-step estimator is proposed relying enabymptotic properties of ML estimation.
For the first time in the literature, a two-step positionieghnique for a quasi-synchronous VLP system,
which utilizes both TDOA and RSS parameters, is develogad.shown that the performance of two-step
positioning, which is computationally less demanding tagact positioning, approaches that of the direct
positioning approach at high SNRs.

The remainder of this manuscript is organized as followstiSe Il describes the considered VLP
system. Section Il consists of the derivation of the CRLB lacalization in quasi-synchronous VLP
systems. Section IV investigates ML based positioning negres, namely, direct positioning and two-
step positioning. Section V presents numerical exampldaBustrate both the theoretical limits and the

performance of the proposed estimators. Finally, conolyidemarks are made in Section VI.

II. SYSTEM MODEL

In the considered VLP system, LED based transmitters andotoptetector based VLC receiver are
employed to localize a target object in an indoor environtmén particular, the LED transmitters are
placed at various locations in a room (e.g., on the ceilimg) #he photo detector based VLC receiver is
placed on the target object. Each of the LED transmitterdéseanknown visible light signal. It is assumed
that only LOS components of the transmitted signals araveddy the VLC receiver at the target object,
which aims to estimate its own position.

The locations of the LED transmitters are known and denoted = R® for i = 1,..., N;, where
N stands for the number of LED transmitters. The aim is to es@nthe unknown location of the VLC
receiver, denoted by, € R?, based on the signals coming from the LED transmitters. Eoeived signal

at the VLC receiver due to the transmission from itleLED transmitter is modeled by [10], [18]
ri(t) = aiRysi(t — 1) + ni(t) 1)

for t € [T}, T,], whereT} and 7% denote, respectively, the initial and final instants of theseyvation

interval for the reception of the signal coming from tiile LED transmitterpy; is the attenuation factor of



the optical channel between titd LED transmitter and the VLC receivet,(> 0), R, is the responsivity
of the photo detectos;(¢) is the transmitted signal from thiéh LED transmitter (which is nonzero over
an interval of|0, 7)), 7; is the time of arrival (TOA) parameter of the signal transedtfrom theith LED
transmitter, andq;(t) is zero-mean additive white Gaussian noise (AWGN) with a grogpectral density
level of o%. It is assumed in this model that the signals coming fromedifiit LED transmitters do not
interfere with each other, which in practice can be achigwedising such multiple access techniques
as time division multiplexing or frequency division mulgging [36]* In addition,n;(t) andn;(t) are
modeled to be independent fok j as they are observed over different time or frequency iater(due

to time or frequency division multiplexing).

In the considered setting, the LED transmitters are symahus with each other while they are asyn-
chronous with the VLC receiver, which corresponds to a gagschronous scenario. As the LED trans-
mitters are placed at fixed locations in the room, it is easgytachronize their clocks for instance via a
wired synchronization system. However, the VLC receivanas necessarily at a fixed location; hence, it
is difficult to synchronize its clock with those of the LED isamitters. Therefore, the considered scenario
is commonly encountered in practical applications. Undids setting, the TOA parameter of the signal

coming from theith LED transmitter can be expressed as

I, -1
T = || T t|| +A, (2)
C

where||-|| denotes the Euclidean normis the speed of light, and is the time offset between the clocks
of an LED transmitter and the VLC receiver. Note that thisdioffset is the same for all LED transmitters
as they are synchronous with each other. Moreaeis modeled as a deterministic unknown parameter
since it takes a fixed value which is unknown to the local@atirocess. Furthermore, it is assumed that
the signal component in (1) is fully captured at the VLC reeeiby having an appropriate observation

interval for the reception.

In the case of time division multiplexing, it is also assuntleat the position of the VLC receiver stays the same oveeuwfit time slots.



For synchronized LED transmitters that are asynchronotis the VLC receiver, the TDOA parameter
can be utilized for localization [17]. One way of generatifiOA measurements is to select one of the
LED transmitters as the reference and to compute the TDOAmpeters of the signals coming from the
other LED transmitters with respect to the reference. Tlthes, TDOA parameter of the signal coming

from the:th LED transmitter can be expressed as
di =1 — 11, (€))

fori e {2,..., N.}, where the first LED transmitter is chosen as the referencadtational convenience.
It is worth noting that as the sam® is present as an additive term in all theparameters, the resulting
d; does not contain the time offset parameter.

The attenuation factor of the optical channel betweenitind ED transmitter and the VLC receiver is
modeled as

m2—|—1
2T

A
2, — L1

cos™ (¢;) cos(6;) (4)

oy =

wherem; is the Lambertian order of th&h LED transmitter,p; and 6, are, respectively, the irradiation

and the incidence angles for the channel betweentth€ED transmitter and the VLC receiver, ant

is the area of the photo detector [8], [10], [18]. Note thatis also referred to as the received signal
strength (RSS) parameter as it directly determines thevextaignal power at the VLC receiver. We can
also define normal vectora! € R3 andn, € R? as the directions of théth LED transmitter and the

VLC receiver, respectively, to express the attenuatiotofaaf theith channel in the following form:

(4 =) ™)™ (U — L)"')

2, — Tt ’
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Q; =7
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where~; = (m; + 1)A,/(27). The equivalent expression in (5) is helpful in the follogiderivations as
the full dependency ofy; on i, is shown explicitly. In the specified system model, it is ased that the
VLC receiver knowsR,, A,, n,, s;(t), m;, ni and li fori = 1,..., N; and can use this information
during the localization process [12], [23]. In other wortis only unknown parameters are the position

of the VLC receiverl, and the time offsef\.



IIl. THEORETICAL LIMITS

In this section, theoretical limits on localization acawyeaare investigated for the quasi-synchronous
VLP system model described in the previous section. In @aer, the derivation of the CRLB is presented
for estimating the unknown parameters, which consist ofpibstion of the VLC receiver as well as the
time offset between the clocks of an LED transmitter and th€ \eceiver.

Considering the received signal model in (1) and observirag st;(¢) and n;(¢) are independent for

1 # j, the log-likelihood function is given by

1 Ny, T
M) =k 52> [ (0l0) = st = ) ©)
=1 1
wherep = [IZ, A]” € R* represents the unknown parameter vector faigla normalizing constant which
does not depend op [37], [38]. The computation of the CRLB is performed as falf First, the Fisher

information matrix (FIM) is obtained based on the log-likelod function in (6) as [39]

J(p) = E{(VoA (@) (VoA(9))" } (7)

whereV ,A(¢p) is the gradient vector of the log-likelihood function witkspect to the unknown parameter
vector. The next step is to take the inverse of the FIM in otdeexpress the CRLB on the covariance

matrix of any unbiased estimatgr of ¢ as

E{(¢— )@ —p) }=I(p)" (8)

where A > B means thatA — B is positive semidefinite [39]. By focusing only on the diagbterms

in (8), one can also write

Var(gr) > [J(0) ek (9)

where ¢y, is the kth entry of ¢ and |- ], denotes theith diagonal entry of its argument. It is noted
that the FIM matrix for the synchronous VLP system (i.e.,wna)) is derived in [12, Prop. 1]. The

FIM matrix for the quasi-synchronous VLP system considédrethis study can be found by extending



the FIM matrix derived in [12]. In particular, the elementstbe FIM in (7) can be obtained from the

log-likelihood function in (6) after some manipulation épke see Appendix A for details) as

Rz X - Oay Doy O, 0T Doy O or;, Ou;
__P E 7 2 2 i 7 [N 7 % 7 7 7 1
A P)mn = T2 2 ( M O O O S(azr,m TR azr,)) (10)
for m,n=1,2,3,
Rlz, N 2 i 073 i@ai

(e =i = 2 (B~ ) ay

for k=1,2,3, and

R2 N ‘

I @ia=—5 D alE, (12)

1=1

wherel, , denotes théth element ofl,, the integrals involvings;(¢) and the derivative of;(t), denoted

by s.(t), are defined as

Ts
B2 s (13)
0
. Ts
E. & / s;(t)2dt, (14)
0
. Ts
B2 [Cssio (15)
0

and the partial derivatives in (10) and (11)@fandr; with respect to the coordinates of the VLC receiver
position are as in [12, Prop. 1].

Remark 1: It should be emphasized that the derived CRLB expressioodde bounds on variances
of unbiased estimators. For biased estimators, theokdinaeis on positioning accuracy are in general
different from the ones derived in this manuscript. Howelfethe form of the bias is known, the results
in this study can be extended to provide a bound on the adbleacuracy of such biased estimators
by using the information inequality [39, p. 169].

It should be noted that the FIM matrix for the considered gagschronous VLP system i$ x 4
whereas the FIM matrix for the synchronous VLP system [12] is 3. Moreover, all the entries of the
FIM matrix of the synchronous VLP system appear in the FIMriratf the quasi-synchronous VLP

system (i.e.,J,,, in (10) for m,n € {1,2,3} correspond to the entries of the synchronous VLP system).
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On the other hand, the entries specified in (11) and (12) aradditional terms for the quasi-synchronous
VLP system which is due to the fact that is an unknown parameter in this case.

After obtaining the FIM, one can simply take its inverse tonpuite the CRLB for estimating the position
of the VLC receiver (see (8) and (9)). As a result, the lowewritbon the localization accuracy can be
assessed by computing the CRLB for any given system configaran fact, based on the following
proposition, the computational complexity of the CRLB cdddion can be reduced.

Proposition 1: The CRLB on the MSE of any unbiased estimakoof I, can be expressed as
E{|[L, —1,|[*} > trace {J_} (16)

whereJ represents & x 3 matrix with the following entries:

Y L fa da oy or.  or
_ . ZEZE] @ ) 'EZE] ) ZEZE'] J i
el = 23 zl loﬂ Ei ZZ az,ﬁm< L, 3azrn Taag by 1(85,% azm))

i=1 j=1

oT; 27 (2 i oT; . 0oy 2E J804J o2 Jarj
+alr,m<o‘jE( g E38lm> E<%E38lm_ Elazm) (17)

for m,n € {1,2,3}.

Proof: Let the FIM in (8) be partitioned as

J(p) = (18)

whereJ, is a3 x 3 matrix specified by (10)Jy, is a3 x 1 vector with entries specified by (11), ard
is a scalar given by (12). Then, the entries of the inverse Filt are related to the estimation of the

VLC receiver position only can be expressed as

[J(so)—l}m <JA J—Jng)_. (19)

By plugging the expressions in (10), (11), and (12) into (@99 after some manipulation, the expressions
in (16) and (17) can be obtained via (8). |
The result in Proposition 1 is important as it gives an aldéue and equivalent way of calculating the

CRLB on the MSE of any unbiased estimator for the positionhef YLC receiver. It is noted that the
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expression in (16) requires3ax 3 matrix inversion while the original expression in (8) leadsa4 x 4
matrix inversion.

As mentioned earlier] o defined in (18) corresponds to the FIM in the case of a syncus/LP
system, equivalently, in the case of known[12]. Therefore, the additional unknown parameterin
the case of a quasi-synchronous VLP system leads to the ¢ddeam on the right hand side of (19)
that is subtracted from the FIM of the synchronous VLP systeen, J,, while obtaining the bound
on the MSE of unbiased position estimators for quasi-syomabus VLP systems. In addition, when the
elements of],, in (18) are zero, the CRLB for the synchronous VLP system lmesoidentical to that
for the quasi-synchronous VLP system, that)']s.3 = J,', as can also be observed from (19). In
particular, whenE: = 0 for i = 1, ..., N;, (which is the case for common pulses in practice), synchusno
and quasi-synchronous VLP systems have the same theobtetita if the following conditions hold (see

(12)):
Ny 7
S azpi—la) (20)

i1 I3 -
i=1 HlT - lt,kz”
for all £k = 1,2, 3. In this case, the CRLB does not depend on whethés known or unknown. However,

the conditions in (20) may not hold in most cases since thguire specific symmetry conditions.

IV. DIRECT AND TWO-STEP ESTIMATORS

In this section, ML based estimatérare developed for the localization of the VLC receiver;, ifer

estimatingl,.. In particular, both direct positioning and two-step pasiing approaches are proposed.

A. Direct Positioning

Considering the log-likelihood function in (6), the ML estte of the unknown parameter vector can

be expressed as

Ny, T2Z R Nr, )
95 = arg maxz (o%; / Ti(t)si(t — Ti)dt - 717 Z Q?Eé (21)
N — Ty i=1

2It is known that the ML estimator is asymptotically unbiasett efficient [39, p. 183].
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where F} is as defined in (14). Then, the first three entriegpofields the ML position estimate of the
VLC receiver denoted b¥,. As there exist no intermediate steps in estimatinghis approach is referred

to as direct positioning [17]. Note that the objective fuoitin (21) needs to be optimized with respect to
. and A jointly as they are both contained ¢ Therefore, compared to the synchronous scenario where
all the transmitters and the VLC receiver are synchroniZ&t], [A is an additional unknown parameter

that should be estimated in this case.

B. Two-Sep Positioning

The direct position estimator in (21) has high computatia@anplexity in general as it requires a
search over a four-dimensional space. For the purpose aindg a low-complexity estimator, a two-
step position estimator is proposed in this section forlleicey the VLC receiver. Two-step positioning is
a common approach in the localization literature, wherd qaasition related parameters as TOA, TDOA,
AOA, or RSS are estimated in the first step and then those &®tthparameters are used to obtain the
desired position in the second step [12], [17], [40]. In thestion, a hybrid approach is proposed, which
uses both TDOA and RSS measurements from the first step tendht position estimate of the VLC
receiver in the second step. To the best of our knowledgs,iththe first time that TDOA and RSS
parameters are employed jointly for localization in VLP teyss.

In the first step of the proposed estimator, the aim is to eddém, and o; related to each LED
transmitter, that is, fof = 1,..., N,. Towards that aim, the log-likelihood function correspimggdto the

received signal due to thgh LED transmitter,;(¢) in (1), is maximized as follows (cf. (6)):

1 (B
{7, &;} = arg max =) (ri(t) — a; Rysi(t — 73))?dt (22)
Ti\ O 0° Jri
which is equivalent to (cf. (21))
Lo g Ry 5
{75, i} = argmax oy [ 1i(t)si(t — 7;)dt — 5 % E; (23)
Ti, Qi T
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fori=1,..., N.. Similar to [12, Section III.C], the solution of (23) can bbtained as follows:

T3
7; = arg max/ ri(t)s;(t — )dt (24)
i Ti
Ci

Ai - s =y 25

%= R m (25)
whereC’, £ TT2 ri(t)si(t — 7;)dt. Then, based on the acquired TOA estimates, the TDOA es8ren

1

be calculated as (see (3))

~

di =7 — 71, (26)

>

=

fori =2,..., Ny. The transition from the TOA estimates to the TDOA estim&esportant for reducing
the computational complexity as it eliminates the need #&ingatingA since the time offset information
is not present in the TDOA.

In the second step, the aim is to estimjtdased ond; for i = 2,...,Npandq; fori=1,..., Np.
To that aim, the following proposition is presented.

Proposition 2: WhenE% =0 for i = 1,..., N, and the SNR levels are sufficiently high for all optical

channels (i.e.q?R2E} > 0°),d £ [dy, ..., dy,]T andé £ [a4,. .., ay, )T can approximately be modeled
as
d=d+n, (27)
a=a+¢, (28)
whered = [dy, ..., dy,|", @ = [y, ..., ay,]", nis a zero mean Gaussian random vector with covariance
matrix
o? o2 1 1
Sy=1—2 + 2 g 29
¢ Vot g (@E% a%vLEiVL> .

with 1 denoting a matrix of all ones antdiag(-) representing a diagonal matrix, agdis a zero mean

Gaussian random vector with covariance matrix

o2 1 1
= D diag (=, .. ——). 30
- g<E21 EN) (30)



14

Furthermorey and ¢ are independent.

Proof: Please see Appendix B.

It is important to note that the assumption thaf = 0 is not a significant limitation for common
practical applications sinc&% = 0.5(s?(T,) — s?(0)) and common pulses employed in practice satisfy
si(Ts) = s;(0).

The results in Proposition 2 can be explained and utilizedofcalization as follows: As the estimatés
andga; from the first step are optimal in the ML sense, those estisnstteuld be asymptotically unbiased
and efficient [39]. Then, the approximate models in (27)}-@&h be used to estimalg by considering
the ML parameter estimation framework. It is noted that thé arameter to be estimated nowlis
which is included both inoe and d. Therefore, considering the approximate models in (2D)(ghe

log-likelihood function of the estimates = [JT, &™) from the first step can be written as
M) = —g log 27| — 5 (v~ w)'S ™ (v — ). (31)
whereX £ Diag(X4, X ) with Diag(-) denoting a block diagonal matrix of its argumenis [d”, o7,
andlog denotes the natural logarithm. Based on the log-likelinfwettion in (31), the ML estimate of
[, can be written as
I, = arglmin log |Zgl + (v — )" (v — ) (32)
which is the estimator in the second step of the proposedstep-estimator.

It is worth noting that the first term in (32) does not contalp since thelog |27X| term in (31) can be
written as the summation of individual determinants ahgddoes not depend on the unknown parameters,
namelyl,. On the other hand:,; depends ori, througha;’s and therefore it is present in the objective
function in (32). In addition, it should be emphasized tling tovariance matriXx: is not diagonal due to
the transition from the TOA to the TDOA measurements, whiesults in correlations among the noise
components in the TDOA estimates.

To summarize, the proposed two-step estimator works aswell First, the ML estimates af; and

7; are obtained from (24) and (25) for= 1, ..., N;. Then, fromr;’s, the TDOA parameters];’s, are
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computed as in (26) by selecting one of the LED transmittersha reference. In the second step, the
approximate models for the TDOA and RSS estimates obtam&itdposition 2 are utilized, which leads
to the estimator in (32) for the location of the VLC receiver.

It is important to compare the direct positioning approacthie previous section with the proposed two-
step estimator. The direct positioning approach leadsaoofftimall, that maximizes the log-likelihood
function in (6). On the other hand, the two-step estimatat finaximizes the individual log-likelihood
functions related to the received signals due to differdeDLliransmitters, and obtains the optimal TOA
and RSS estimates in the ML sense. Then, to remove the etiethe time offset, the TDOA estimates
are generated from the TOA estimates. Then, given the RSShen@DOA estimates, the second step
employs the ML position estimator for high SNR scenarioseréfore, the suboptimality of the two-step
approach is related to both the TDOA generation operati@hthe suboptimality of the estimator in the
second step when SNRs are not sufficiently high.

Regarding the computational complexity, the optimizatwablem in (21) corresponding to the direct
positioning approach involves a search over a four-dinmaradispace as the optimization variable contains
bothl, and A. On the other hand, the two-step estimator does not faks an argument of the objective
functions neither in the first step (see (24) and (25)) norhi@ $econd step (see (32)). In particular,
the two-step estimator requirég; one-dimensional optimizations as in (24) and one threesdsional
optimization as in (32). Hence, the use of the two-step egtims advantageous over the direct estimator

in terms of computational complexity.

V. NUMERICAL RESULTS

This section provides numerical examples to illustrate ttieoretical limits on localization and the
performance of the positioning algorithms in the previoestion. A room with a width and a depth of
15 m and a height oft m is considered. Four LED transmitters are placed at loeatib= [10, 10, 4]7,

17 = [5,10,4]7, I} = [10,5,4]" andl} = [5,5,4]” m, and they point downwards, i.es} = [0,0, —1]”

for i = 1,2, 3,4. The VLC receiver is located on the floor and it points upwargs, n, = [0,0,1]%. In
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addition, it is assumed that there are no wall reflectionshernrbom and only LOS components of the
transmitted signals are received by the VLC receiver (seti@ell).

A VLP system similar to the ones employed in [10], [18] is ddiesed in the following simulations.
Namely, the responsivity and the area of the photo detectotaken ask, = 0.4 mMA/mW and A, =1
cn?, respectively. The Lambertian order of the LED transmiigegiven bym = 1. Moreover, the power
spectral density level of the AWGN is set 48 = 1.336 x 10~22 W/Hz. Also, the transmitted signal from

the ith transmitter is modeled as
si(t) = A(1 4 cos(2nft — 7)), t€[0,T (33)

with f.T, € Z, wheref, is the center frequency antl denotes the source optical power that is used to set
the SNR value of the corresponding optical channel. Moredwe plugging the signal in (33) into (13)
and (14), one can obtain that, = ;72 f2E} and E} = 3 A?T,. Under this signal model, the CRLB for
estimatinga; and 7; can be obtained by inserting thegé and E% values into (38), which consequently
yields

S 202
- 3R§A2TS’

0.2

> .
T 2m2a?R2f2AT,

Var(d;) (34)

Var(7;) (35)

Notice also that the signal in (33) satisfy, = 0, which is employed in the two-step positioning approach.
In the following, we first focus on two-dimensional positiog in which/, 5, i.e., the height of the VLC
receiver, is known. Next, we also investigate three-dinmerad positioning in which all the coordinates

of 1., in addition to the time offsef\, are unknown parameters.

A. Two-Dimensional Positioning

Based on the theoretical limits on positioning, the effemtts/arious parameters are investigated for
guasi-synchronous VLP systems in the following. First, @RLBs are computed when the VLC receiver

moves within the room on the floor in order to illustrate howe BRLB is affected by the location of
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Fig. 1. v/CRLB when the VLC receiver moves within the room on the floor, whgre= 100 MHz, Ts = 107%s,andA = 1W.

the VLC receiver. In Fig. 1, the square-root of the CRLBs akted versus the first and the second
coordinate of the position of the VLC receiver, whére = 0, f. = 100 MHz, T, = 107° s, andA = 1 W.

It can be observed that the CRLB increases significantly tdsvthe corners of the room. This is expected
since the received signal powers at the VLC receiver duedaitinals coming from the LED transmitters,
except for the one that is closest, reduce significantly tde/éghe corners, which can be verified by (4).
Therefore, the bound on the positioning accuracy increaggsficantly as the VLC receiver can utilize
only the signal coming from the LED transmitter that is cktser determining its position. On the other
hand, when,; and/, » ranges in the intervgb, 10 m meaning that the VLC receiver is inside the region
restricted by the positions of the LED transmitters, theasgtroot of the CRLB is on the order 6f1 m

or lower, which is much smaller than the CRLBs at the cornBgsutilizing the signals coming from
more than one LED transmitter, it is possible to estimateptisdtion of the VLC receiver more accurately
in this case. All in all, in practical applications, the nuenlof LED transmitters and their locations should

be set based on the room dimensions in order to achieve hglraamy at all places in the room.
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Fig. 2. VCRLB versusf. for I, = [6,5.75,0]" m., andTs = 107° s.

Secondly, the square-root of the CRLB is plotted vergus Fig. 2 for A = 0.1W, A = 1W, and
A = 10W, whereT, = 10~°s andl, = [6,5.75,0] m. It is noted that increasing the center frequency
does not provide any gains in the positioning accuracy farfiequencies. On the other hand, there is a
critical frequency after which an increase in the centequency improves the positioning accuracy. The
intuition behind this observation is as follows: For lowdtencies, the integral term in (21), equivalently
the T(D)OA parameter, does not carry significant informatamd the positioning is performed mainly
based on the RSS information. Moreover, it is seen that theBC&pression of the channel attenuation
factor in (34) does not depend gn Since in the low frequencies the RSS information is utdizad this
information does not depend g, the CRLB remains the same with respectftoOn the other hand, for
high frequencies the T(D)OA information is also utilizedn& the lower bound on the variance of the
TOA parameter is inversely proportional {3, as can be deduced from (35), the CRLB starts decreasing

with f. for high frequencies.
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Fig. 3. VCRLB versusT; for I,. = [6,5.75,0]” m., and f. = 100 MHz.

In addition, the effects of/; on the CRLB are investigated in Fig. 3 féy = [6,5.75,0] m and
fo = 100MHz. It is observed that the CRLB decreases withfor all optical power levels, which is
expected since both the RSS and T(D)OA information incieagséh 7, as can be deduced from their
corresponding CRLB expressions in (34) and (35). Theref@gardless of the type of information that
is used, increasin@; improves the positioning accuracy.

Next, the ML estimators developed in Section IV, namely,diect positioning and two-step positioning
approaches, are implemented. Their root mean-squared{MSE) performance is compared against
the square-root of the CRLB, which provides a lower bound @Bwf any unbiased estimator. First, the
RMSE versus the source optical power is plotted in Fig. 4,relhe= [6,5.75,0] m, f. = 100 MHz, and
T, = 107%s. As expected, increasing the source optical power andeqoestly the SNR level decreases
the CRLB. By looking at the entries of the FIM in (10), (11),dal2), it can be verified that the
FIM is proportional toA in case ofF% = 0 as bothE! and £} are proportional tod. Hence, the CRLB

becomes inversely proportional th Moreover, the RMSE performance of the direct positionipgraach
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becomes comparable to the CRLB especially for mid-to-hiyR $evels. Hence, the asymptotic optimality
of the direct positioning approach is verified in this specsitenario. The two-step positioning technique
also achieves an accuracy level as high as the CRLB for higR &Mels. Thus, it is justified for this
scenario that when the high SNR assumption holds, the teesttimator also approaches the optimal ML
estimator. On the other hand, for low SNRs, there is sigmifickegradation in the positioning accuracy.
The reason behind this phenomenon is as follows: The firptaitéhe two-step positioning approach aims
to find the TOA values for which the correlator output is maizied, as stated in (24). When the SNR level
is low, the maximizing argument can be detected around tleagvpeak of the correlator output due to the
noise, which results in a large difference between the taleevand the estimate of the TOA parameter.
As a result, the T(D)OA and consequently RSS parametersotéenestimated accurately in the first step;
hence, based on erroneous estimates, the second step nesidgraded localization performance. All in
all, the SNR range in which the VLC positioning system opesas important in determining whether to
employ the direct estimator or the two-step estimator. & NR value is sufficiently large, it would be
preferable to use the two-step approach due to its lower atatipnal complexity.

Moreover, the RMSE versus the source optical power is mlatie=ig. 5 for another scenario in which
l, = [6,5.75,0]m, f. = 10MHz, andT, = 10~%s. Similar remarks to those in thé = 100 MHz case
can also be made in this case. It should be added that in tles cdg. = 10 MHz and f. = 100 MHz,
the source optical power values after which the RMSE of the-dtep estimator achieves the CRLB are
different. Hence, whether to use the direct positioning e two-step positioning approach should be
decided based not only on the SNR level but also on the cergguéncy in practical applications.

Finally, the effects of the LED orientation on the CRLB aredstigated. Note that in the previous
examples, the LED transmitters look downwards while the \Ye€eiver looks upwards. In order to observe
the effects of the orientation, the LED transmitters atedilat an angle of towards the center of the room,
i.e.,[7.5,7.5,4]T m. Namely, the normal vectors are givendy = [—n,, —n,, —n.], n? = [n,, —n,, —n.],

n} = [~ng,n,, —n.] andn} = [n,, n,, —n.] wheren, = sin()/v/2, n, = sin(d)/v/2, andn, = cos().
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In Fig. 6, the square-root of the CRLB is plotted versu®r f. = 10 MHz and f. = 100 MHz, where

T, =107%s, A = 1W, andl, = [6,5.75,0] m. It is important to note that the best performance is not
achieved in the perpendicular case, which was used in tiveopiesimulations. However, the gain obtained
by carefully adjusting the orientation is not significanhefefore, when higher accuracy is desired for a
specific scenario, it would be preferable to adjust suchrpaters a¥’,, f., and A rather than to fine-tune

the orientation angle.

B. Three-Dimensional Positioning

In this part, three-dimensional positioning is considefddmely, the height of the VLC receiver, i.e.,
l.3, is also unknown. Similar to the previous part, the VLC reeeiis located af, = [6,5.75,0] m., it
points upwards, and the LED transmitters point downwardsddy this scenario, in Fig. 7, the RMSE
performance of the proposed positioning techniques vettseisource optical power is plotted together

with the corresponding the theoretical limits, where= 100 MHz andT, = 10~°s. It is observed that both
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positioning techniques achieve accuracies that are vesedb the CRLB at high SNRs. Consequently, it
is observed that the theoretical limits are attained by tiop@sed positioning techniques at high SNRs in
the three-dimensional positioning, as well. Next, we cleatige center frequency of the transmitted pulse
to f. = 10 MHz and again plot the RMSE versus the source optical powestil&8 to the previous case,
the performance of the positioning techniques convergeledheoretical limit in the high SNR regime.
All'in all, this part illustrates that both positioning tedues can achieve accuracy levels that are close

to the theoretical limits for three-dimensional positiogi as well.

VI. CONCLUDING REMARKS

In this manuscript, LED based positioning in a quasi-syaonbus VLP system has been investigated.
The considered system consists of LED transmitters, whictt known visible light signals, and a VLC
receiver, which locates itself based on the signals comiom fthe LED transmitters. First, the CRLB
expression has been derived for the corresponding posstimation problem. Via this expression, the
effects of various system parameters on localization aoguhave been investigated. Next, ML based
position estimators have been considered. In particllardtrect positioning approach, in which received
signals are used directly without any intermediate steps, lleen adopted. It has been observed that
performance (i.e., MSE) of direct positioning convergesthe theoretical limit (i.e., CRLB) at high
SNRs. Moreover, a two-step positioning technique, whictoisiputationally efficient, has been proposed
by utilizing the asymptotic properties of ML estimation. &IMSE of the two-step approach closely
matches with the MSE of the direct approach at high SNRs p@h of them converge to the CRLB),
which shows the effectiveness of the two-step approachth&umore, it has been observed that in the
low SNR regime, the information carried in the time inforioat(i.e., TDOA) is erroneous, distorting the
overall performance of the two-step approach significaotlynpared to the direct approach. Hence, the
two-step approach is more convenient at high SNRs due toitgpatational efficiency while the direct

approach is more preferable in the low SNR regime due to ifganed performance.
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APPENDIX
A. FIM Derivation

To compute the FIM, the derivatives of the likelihood fupctiwith respect to the unknown parameters

are expressed first. Namely, the derivative of the logHlitadd function in (6) with respect td can be

written as
0N Ry<& [™ ,
A= s ; /T ni(t)ash(t — 7;)dt (36)

and with respect 1@, as

T 80@ , oT,
alrk - Z/ (aTMsi(t—Ti)—aisi(t )mrk)dt (37)

le

Then, plugging (36) and (37) into (7) yields the resultsedtan (10), (11), and (12).

B. Proof of Proposition 2

Consider the estimation af and a; based on the received signal from tiie LED transmitter,;(t).
In [12, App. A], it is shown that wherk; = 0, the inverse of the FIM for estimating; and r; based on
r;(t) can be calculated as

R T

i T ﬁ ' ’
10 1/(afEY)

(38)

where E! and E% are as in (13) and (14), respectively.

By exploiting the asymptotic unbiasedness and efficienop@rties of ML estimation, it can be inferred
that at high SNRs¢; is a Gaussian random variable with meanand variances*/(R2E5), and 7; is
a Gaussian random variable with meanand variances*/(R2E{«7) [12]. In other words,&; and 7;
can be expressed at high SNRs@s= «; + (; and7; = 7, + k;, where(; and x; are independent
zero-mean Gaussian random variables with variances 4fR2E}) ando?®/(R2E{o;), respectively. (The
independence follows due to the facts that the ML estima@aisssian at high SNRs and thg' in (38)

is a diagonal matrix.) In order to see thj;, x;} and {¢;,~;} are also independent far# j, one can
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write the corresponding FIM based o1(t) andr;(t) (by taking {«;, 7;, a;, 7;} as the set of unknown
parameters), and employ the fact thatt) andn;(¢) are independent. In this way, it can be shown that
{G:}Xr and {x,;} ¥4 are independent sequences, which are also independene&iomother.

When the TDOA estimates are generated as in (26);tthd DOA estimate can be expressed as

A~

A
di=7i—Ti+K—K=T—T+.

2

From the arguments in the previous paragraph, it can be shioatnl; ~ N(r; — 7, RQZiEl + Booagr)

P11 p—i 1
for i = 2,..., N, at high SNRs. In addition, the covariance betwegrand n,; can be calculated as
02/(R12,oz%E11).

Based on all these results;’s andd;’s can be modeled as in (27)—(30). Moreover, sinﬁee}fiﬁ and

{G:}Xr are independentn; } %, and {¢;} Y4 also become independent, as claimed in the proposilibn.
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