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Abstract

In a visible light positioning (VLP) system, a receiver can estimate its location based on signals transmitted

by light emitting diodes (LEDs). In this manuscript, we investigate a quasi-synchronous VLP system, in which

the LED transmitters are synchronous among themselves but are not synchronized with the receiver. In quasi-

synchronous VLP systems, position estimation can be performed by utilizing time difference of arrival (TDOA)

information together with channel attenuation information, leading to a hybrid localization system. To specify

accuracy limits for quasi-synchronous VLP systems, the Cramér-Rao lower bound (CRLB) on position estimation

is derived in a generic three-dimensional scenario. Then, adirect positioning approach is adopted to obtain the

maximum likelihood (ML) position estimator based directlyon received signals from LED transmitters. In addition,

a two-step position estimator is proposed, where TDOA and received signal strength (RSS) estimates are obtained

in the first step and the position estimation is performed, based on the TDOA and RSS estimates, in the second

step. The performance of the two-step positioning technique is shown to converge to that of direct positioning at

high signal-to-noise ratios based on asymptotic properties of ML estimation. Finally, CRLBs and performance of

the proposed positioning techniques are investigated through simulations.
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I. INTRODUCTION

Recently, there has been a growing interest in the potentialuse of visible light systems based on

light emitting diodes (LEDs) for the purpose of communications, especially in indoor environments

[1]–[4]. Since LEDs are increasingly deployed for illumination purposes due to their energy efficiency,

integration of visible light communication (VLC) to LED networks appears as an appealing idea to

provide communication and illumination simultaneously [1]–[5]. The potential widespread use of LEDs

also inspires a growing number of visible light positioning(VLP) systems, in which signals transmitted

by LEDs are utilized for location estimation [6]–[11]. LED based localization is a promising approach

as it can provide highly accurate position information inexpensively through installation of a few LEDs

[12]–[15], which is beneficial for various applications such as asset tracking and robotic control [16].

Similar to radio frequency (RF) based localization, VLP systems utilize various parameters such as

time of arrival (TOA), time difference of arrival (TDOA), received signal strength (RSS), and/or angle of

arrival (AOA) for extracting the position of a target object(i.e., a VLC receiver) [6], [17]. In practice, the

choice of parameters to be employed for localization is determined based on desired accuracy levels and

system requirements. An important system requirement is the presence of a synchronization mechanism,

which is necessary for time based VLP systems that utilize TOA or TDOA information. Depending on the

existence of a synchronization mechanism, VLP systems can be categorized assynchronous, asynchronous,

and quasi-synchronous. In a synchronous VLP system, all LED transmitters and VLC receivers are

synchronized (for example, via a common reference clock) whereas there is no synchronization among

any of them in an asynchronous VLP system. On the other hand, in quasi-synchronous VLP systems, LED

transmitters are synchronized among themselves but are asynchronous with VLC receivers. Asynchronous

VLP systems facilitate low-complexity implementations whereas the synchronous VLP systems have the

highest complexity. Between these two categories, quasi-synchronous systems require synchronization

only among LED transmitters, which can be realized relatively easily via cabling during the installation

of LED infrastructures.
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In synchronous VLP systems, location related information can be extracted from the TOA parameter

based on its relation to the time-of-flight of a received signal [10], [12], [18], [19]. In [10], the time delay

parameter of a received signal is exploited to perform range(i.e., distance) estimation in a synchronous

VLP system, and the corresponding Cramér-Rao lower bound (CRLB) is investigated for various system

parameters. In addition, the Ziv-Zakai bound (ZZB) for range estimation is derived for synchronous VLP

systems in the presence of prior information in [19]. Moreover, a synchronous VLP system employing

both TOA and RSS information is investigated in [12]. This investigation includes not only a theoretical

framework, which provides a CRLB expression for position estimation in a generic three-dimensional

scenario, but also direct and two-step estimation algorithms for extracting the position of a VLC receiver,

which are shown to achieve accuracies as high as the theoretical limit for high signal-to-noise ratios

(SNRs).

Due to its low-complexity nature, asynchronous VLP systemshave been considered in numerous papers

in the literature such as [8], [9], [11], [12], [14], [20]–[25]. For instance, the work in [8] employs RSS

measurements to obtain the desired position via trilateration. On the other hand, a theoretical analysis is

carried out to explore the fundamental limits on the achievable accuracy of RSS based position estimators in

[11], which considers a system with multiple photodiodes placed on the target object forming an aperture-

based VLC receiver. Moreover, [23] combines AOA and RSS information to enhance positioning accuracy

in an asynchronous VLP system and illustrates performance improvements over AOA based positioning

via simulations. Finally, [12] investigates an asynchronous VLP systems by providing theoretical results

on attainable accuracies as well as algorithms for estimating the desired position.

In quasi-synchronous VLP systems, the relative travel timeinformation (i.e., TDOA) of transmitted

signals from a set of LEDs can be utilized by a VLC receiver since LEDs are synchronous among

themselves. Various studies in the literature utilize the TDOA parameter for position estimation [15],

[26]–[33]. For instance, [27] investigates theoretical accuracy limits for position estimation based on

TDOA measurements. The work in [15] focuses on an LED based localization system in which a VLC
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receiver is located with centimeter level accuracy by employing TDOA measurements. A recent study in

[26] proposes a practical low complexity VLP system implemented on a hardware which utilizes TDOA

parameters and reports the positioning accuracy as9.2 centimeters. Although there exist studies focusing

on practical localization algorithms for quasi-synchronous VLP systems, theoretical limits and optimal

estimators have not been investigated for such systems in the literature. In addition, joint utilization of

TDOA and RSS information has not been considered for quasi-synchronous VLP systems. Even though

some papers, such as [34], [35], focus on hybrid positioningschemes that employ both TDOA and RSS

parameters in RF based positioning systems, localization in visible light systems requires new formulations

and analyses as the channel characteristics are significantly different in optical systems compared to those

in RF systems.

Since VLC receivers are commonly placed on mobile objects, cabling is not an option for synchro-

nizing LED transmitters with VLC receivers; hence, realizing a synchronous VLP system (with precise

synchronization) is costly and challenging. On the other hand, the quasi-synchronous scenario requires

a synchronization mechanism only among LED transmitters, which are usually at fixed locations (e.g.,

on the ceiling of a room). Therefore, quasi-synchronous VLPsystems are practical and cost effective

compared to synchronous VLP systems. In addition, they enable the use of the TDOA parameter, which

cannot be utilized in asynchronous VLP systems, to extract location related information. Overall, it is

important to investigate quasi-synchronous VLP systems, which is the aim of this manuscript.

In this work, quasi-synchronous VLP systems, which utilizeboth TDOA and RSS information, are

analyzed. In particular, a CRLB expression is derived for position estimation in such systems. To the best

of authors’ knowledge, theoretical limits for quasi-synchronous VLP systems have not been available in

the literature. The provided CRLB expression is generic in the sense that it is valid for any system pa-

rameters such as orientations of LED transmitters and shapes of pulses transmitted from LEDs. Moreover,

the maximum likelihood (ML) estimator for the position of a VLC receiver is obtained considering a

direct positioning approach, in which position estimationis performed based on received signals directly.
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Furthermore, a two-step estimator is proposed relying on the asymptotic properties of ML estimation.

For the first time in the literature, a two-step positioning technique for a quasi-synchronous VLP system,

which utilizes both TDOA and RSS parameters, is developed. It is shown that the performance of two-step

positioning, which is computationally less demanding thandirect positioning, approaches that of the direct

positioning approach at high SNRs.

The remainder of this manuscript is organized as follows. Section II describes the considered VLP

system. Section III consists of the derivation of the CRLB for localization in quasi-synchronous VLP

systems. Section IV investigates ML based positioning techniques, namely, direct positioning and two-

step positioning. Section V presents numerical examples toillustrate both the theoretical limits and the

performance of the proposed estimators. Finally, concluding remarks are made in Section VI.

II. SYSTEM MODEL

In the considered VLP system, LED based transmitters and a photo detector based VLC receiver are

employed to localize a target object in an indoor environment. In particular, the LED transmitters are

placed at various locations in a room (e.g., on the ceiling) and the photo detector based VLC receiver is

placed on the target object. Each of the LED transmitters emits a known visible light signal. It is assumed

that only LOS components of the transmitted signals are received by the VLC receiver at the target object,

which aims to estimate its own position.

The locations of the LED transmitters are known and denoted by lit ∈ R
3 for i = 1, . . . , NL, where

NL stands for the number of LED transmitters. The aim is to estimate the unknown location of the VLC

receiver, denoted bylr ∈ R
3, based on the signals coming from the LED transmitters. The received signal

at the VLC receiver due to the transmission from theith LED transmitter is modeled by [10], [18]

ri(t) = αiRpsi(t− τi) + ni(t) (1)

for t ∈ [T i
1, T

i
2], whereT i

1 and T i
2 denote, respectively, the initial and final instants of the observation

interval for the reception of the signal coming from theith LED transmitter,αi is the attenuation factor of
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the optical channel between theith LED transmitter and the VLC receiver (αi > 0), Rp is the responsivity

of the photo detector,si(t) is the transmitted signal from theith LED transmitter (which is nonzero over

an interval of[0, Ts]), τi is the time of arrival (TOA) parameter of the signal transmitted from theith LED

transmitter, andni(t) is zero-mean additive white Gaussian noise (AWGN) with a power spectral density

level of σ2. It is assumed in this model that the signals coming from different LED transmitters do not

interfere with each other, which in practice can be achievedby using such multiple access techniques

as time division multiplexing or frequency division multiplexing [36].1 In addition,ni(t) and nj(t) are

modeled to be independent fori 6= j as they are observed over different time or frequency intervals (due

to time or frequency division multiplexing).

In the considered setting, the LED transmitters are synchronous with each other while they are asyn-

chronous with the VLC receiver, which corresponds to a quasi-synchronous scenario. As the LED trans-

mitters are placed at fixed locations in the room, it is easy tosynchronize their clocks for instance via a

wired synchronization system. However, the VLC receiver isnot necessarily at a fixed location; hence, it

is difficult to synchronize its clock with those of the LED transmitters. Therefore, the considered scenario

is commonly encountered in practical applications. Under this setting, the TOA parameter of the signal

coming from theith LED transmitter can be expressed as

τi =
‖lr − lit‖

c
+∆ , (2)

where‖·‖ denotes the Euclidean norm,c is the speed of light, and∆ is the time offset between the clocks

of an LED transmitter and the VLC receiver. Note that this time offset is the same for all LED transmitters

as they are synchronous with each other. Moreover,∆ is modeled as a deterministic unknown parameter

since it takes a fixed value which is unknown to the localization process. Furthermore, it is assumed that

the signal component in (1) is fully captured at the VLC receiver by having an appropriate observation

interval for the reception.

1In the case of time division multiplexing, it is also assumedthat the position of the VLC receiver stays the same over different time slots.
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For synchronized LED transmitters that are asynchronous with the VLC receiver, the TDOA parameter

can be utilized for localization [17]. One way of generatingTDOA measurements is to select one of the

LED transmitters as the reference and to compute the TDOA parameters of the signals coming from the

other LED transmitters with respect to the reference. Thus,the TDOA parameter of the signal coming

from the ith LED transmitter can be expressed as

di = τi − τ1 , (3)

for i ∈ {2, . . . , NL}, where the first LED transmitter is chosen as the reference for notational convenience.

It is worth noting that as the same∆ is present as an additive term in all theτi parameters, the resulting

di does not contain the time offset parameter.

The attenuation factor of the optical channel between theith LED transmitter and the VLC receiver is

modeled as

αi =
mi + 1

2π
cosmi(φi) cos(θi)

Ar

‖lr − lit‖2
, (4)

wheremi is the Lambertian order of theith LED transmitter,φi and θi are, respectively, the irradiation

and the incidence angles for the channel between theith LED transmitter and the VLC receiver, andAr

is the area of the photo detector [8], [10], [18]. Note thatαi is also referred to as the received signal

strength (RSS) parameter as it directly determines the received signal power at the VLC receiver. We can

also define normal vectorsni
t ∈ R

3 andnr ∈ R
3 as the directions of theith LED transmitter and the

VLC receiver, respectively, to express the attenuation factor of the ith channel in the following form:

αi = γi

(

(lr − lit)
Tni

t

)mi
(

(lit − lr)
Tnr

)

‖lr − lit‖mi+3
, (5)

whereγi , (mi + 1)Ar/(2π). The equivalent expression in (5) is helpful in the following derivations as

the full dependency ofαi on lr is shown explicitly. In the specified system model, it is assumed that the

VLC receiver knowsRp, Ar, nr, si(t), mi, ni
t and lit for i = 1, . . . , NL and can use this information

during the localization process [12], [23]. In other words,the only unknown parameters are the position

of the VLC receiverlr and the time offset∆.
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III. T HEORETICAL L IMITS

In this section, theoretical limits on localization accuracy are investigated for the quasi-synchronous

VLP system model described in the previous section. In particular, the derivation of the CRLB is presented

for estimating the unknown parameters, which consist of theposition of the VLC receiver as well as the

time offset between the clocks of an LED transmitter and the VLC receiver.

Considering the received signal model in (1) and observing that ni(t) and nj(t) are independent for

i 6= j, the log-likelihood function is given by

Λ(ϕ) = k − 1

2σ2

NL
∑

i=1

∫ T i
2

T i
1

(ri(t)− αiRpsi(t− τi))
2dt (6)

whereϕ = [lTr ,∆]T ∈ R
4 represents the unknown parameter vector andk is a normalizing constant which

does not depend onϕ [37], [38]. The computation of the CRLB is performed as follows: First, the Fisher

information matrix (FIM) is obtained based on the log-likelihood function in (6) as [39]

J(ϕ) = E
{

(∇ϕΛ(ϕ))(∇ϕΛ(ϕ))T
}

(7)

where∇ϕΛ(ϕ) is the gradient vector of the log-likelihood function with respect to the unknown parameter

vector. The next step is to take the inverse of the FIM in orderto express the CRLB on the covariance

matrix of any unbiased estimator̂ϕ of ϕ as

E{(ϕ̂− ϕ)(ϕ̂−ϕ)T} � J(ϕ)−1 (8)

whereA � B means thatA −B is positive semidefinite [39]. By focusing only on the diagonal terms

in (8), one can also write

Var(ϕ̂k) ≥ [J(ϕ)−1]k,k (9)

where ϕ̂k is the kth entry of ϕ̂ and [ · ]k,k denotes thekth diagonal entry of its argument. It is noted

that the FIM matrix for the synchronous VLP system (i.e., known ∆) is derived in [12, Prop. 1]. The

FIM matrix for the quasi-synchronous VLP system consideredin this study can be found by extending
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the FIM matrix derived in [12]. In particular, the elements of the FIM in (7) can be obtained from the

log-likelihood function in (6) after some manipulation (please see Appendix A for details) as

[J(ϕ)]m,n =
R2

p

σ2

NL
∑

i=1

(

Ei
2

∂αi

∂lr,m

∂αi

∂lr,n
+ α2

iE
i
1

∂τi
∂lr,m

∂τi
∂lr,n

− αiE
i
3

( ∂αi

∂lr,m

∂τi
∂lr,n

+
∂τi
∂lr,m

∂αi

∂lr,n

)

)

(10)

for m,n = 1, 2, 3,

[J(ϕ)]4,k = [J(ϕ)]k,4 =
R2

p

σ2

NL
∑

i=1

(

α2
iE

i
1

∂τi
∂lr,k

− αiE
i
3

∂αi

∂lr,k

)

(11)

for k = 1, 2, 3, and

[J(ϕ)]4,4 =
R2

p

σ2

NL
∑

i=1

α2
iE

i
1 , (12)

wherelr,k denotes thekth element oflr, the integrals involvingsi(t) and the derivative ofsi(t), denoted

by s′i(t), are defined as

Ei
1 ,

∫ Ts

0

s′i(t)
2dt, (13)

Ei
2 ,

∫ Ts

0

si(t)
2dt, (14)

Ei
3 ,

∫ Ts

0

si(t)s
′

i(t)dt (15)

and the partial derivatives in (10) and (11) ofαi andτi with respect to the coordinates of the VLC receiver

position are as in [12, Prop. 1].

Remark 1: It should be emphasized that the derived CRLB expressions provide bounds on variances

of unbiased estimators. For biased estimators, theoretical limits on positioning accuracy are in general

different from the ones derived in this manuscript. However, if the form of the bias is known, the results

in this study can be extended to provide a bound on the achievable accuracy of such biased estimators

by using the information inequality [39, p. 169].

It should be noted that the FIM matrix for the considered quasi-synchronous VLP system is4 × 4

whereas the FIM matrix for the synchronous VLP system [12] is3 × 3. Moreover, all the entries of the

FIM matrix of the synchronous VLP system appear in the FIM matrix of the quasi-synchronous VLP

system (i.e.,Jm,n in (10) for m,n ∈ {1, 2, 3} correspond to the entries of the synchronous VLP system).
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On the other hand, the entries specified in (11) and (12) are the additional terms for the quasi-synchronous

VLP system which is due to the fact that∆ is an unknown parameter in this case.

After obtaining the FIM, one can simply take its inverse to compute the CRLB for estimating the position

of the VLC receiver (see (8) and (9)). As a result, the lower bound on the localization accuracy can be

assessed by computing the CRLB for any given system configuration. In fact, based on the following

proposition, the computational complexity of the CRLB calculation can be reduced.

Proposition 1: The CRLB on the MSE of any unbiased estimatorl̂r of lr can be expressed as

E{‖lr − l̂r‖2} ≥ trace
{

J
−1
qs

}

(16)

whereJqs represents a3× 3 matrix with the following entries:

[Jqs]m,n =
R2

p

σ2
∑NL

i=1
α2
iE

i
1

NL
∑

i=1

NL
∑

j=1

∂αi

∂lr,m

(

α2
jE

i
2E

j
1

∂αi

∂lr,n
− αiαjE

i
3E

j
3

∂αj

∂lr,n
+ αiα

2
jE

i
3E

j
1

( ∂τj
∂lr,n

− ∂τi
∂lr,n

)

)

+
∂τi
∂lr,m

(

α2
jE

j
1

(

α2
iE

i
1

∂τi
∂lr,n

− αiE
i
3

∂αi

∂lr,n

)

+ α2
iE

i
1

(

αjE
j
3

∂αj

∂lr,n
− α2

jE
j
1

∂τj
∂lr,n

)

)

(17)

for m,n ∈ {1, 2, 3}.

Proof: Let the FIM in (8) be partitioned as

J(ϕ) =









JA Jb

J
T
b

Jc









(18)

whereJA is a 3× 3 matrix specified by (10),Jb is a 3× 1 vector with entries specified by (11), andJc

is a scalar given by (12). Then, the entries of the inverse FIMthat are related to the estimation of the

VLC receiver position only can be expressed as

[

J(ϕ)−1
]

3×3
=

(

JA − 1

Jc
JbJ

T
b

)

−1

. (19)

By plugging the expressions in (10), (11), and (12) into (19)and after some manipulation, the expressions

in (16) and (17) can be obtained via (8). �

The result in Proposition 1 is important as it gives an alternative and equivalent way of calculating the

CRLB on the MSE of any unbiased estimator for the position of the VLC receiver. It is noted that the
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expression in (16) requires a3× 3 matrix inversion while the original expression in (8) leadsto a 4× 4

matrix inversion.

As mentioned earlier,JA defined in (18) corresponds to the FIM in the case of a synchronous VLP

system, equivalently, in the case of known∆ [12]. Therefore, the additional unknown parameter∆ in

the case of a quasi-synchronous VLP system leads to the second term on the right hand side of (19)

that is subtracted from the FIM of the synchronous VLP system, i.e., JA, while obtaining the bound

on the MSE of unbiased position estimators for quasi-synchronous VLP systems. In addition, when the

elements ofJb in (18) are zero, the CRLB for the synchronous VLP system becomes identical to that

for the quasi-synchronous VLP system, that is,[J(ϕ)−1]3×3 = J
−1
A

, as can also be observed from (19). In

particular, whenEi
3 = 0 for i = 1, . . . , NL (which is the case for common pulses in practice), synchronous

and quasi-synchronous VLP systems have the same theoretical limits if the following conditions hold (see

(11)):

NL
∑

i=1

α2
iE

i
1

(lr,k − lit,k)

‖lr − lit,k‖
= 0 (20)

for all k = 1, 2, 3. In this case, the CRLB does not depend on whether∆ is known or unknown. However,

the conditions in (20) may not hold in most cases since they require specific symmetry conditions.

IV. D IRECT AND TWO-STEP ESTIMATORS

In this section, ML based estimators2 are developed for the localization of the VLC receiver; i.e., for

estimatinglr. In particular, both direct positioning and two-step positioning approaches are proposed.

A. Direct Positioning

Considering the log-likelihood function in (6), the ML estimate of the unknown parameter vector can

be expressed as

ϕ̂ = argmax
ϕ

NL
∑

i=1

αi

∫ T i
2

T i
1

ri(t)si(t− τi)dt−
Rp

2

NL
∑

i=1

α2
iE

i
2 (21)

2It is known that the ML estimator is asymptotically unbiasedand efficient [39, p. 183].
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whereEi
2 is as defined in (14). Then, the first three entries ofϕ̂ yields the ML position estimate of the

VLC receiver denoted bŷlr. As there exist no intermediate steps in estimatinglr, this approach is referred

to as direct positioning [17]. Note that the objective function in (21) needs to be optimized with respect to

lr and∆ jointly as they are both contained inϕ. Therefore, compared to the synchronous scenario where

all the transmitters and the VLC receiver are synchronized [12], ∆ is an additional unknown parameter

that should be estimated in this case.

B. Two-Step Positioning

The direct position estimator in (21) has high computational complexity in general as it requires a

search over a four-dimensional space. For the purpose of obtaining a low-complexity estimator, a two-

step position estimator is proposed in this section for localizing the VLC receiver. Two-step positioning is

a common approach in the localization literature, where such position related parameters as TOA, TDOA,

AOA, or RSS are estimated in the first step and then those estimated parameters are used to obtain the

desired position in the second step [12], [17], [40]. In thissection, a hybrid approach is proposed, which

uses both TDOA and RSS measurements from the first step to obtain the position estimate of the VLC

receiver in the second step. To the best of our knowledge, this is the first time that TDOA and RSS

parameters are employed jointly for localization in VLP systems.

In the first step of the proposed estimator, the aim is to estimate τi and αi related to each LED

transmitter, that is, fori = 1, . . . , NL. Towards that aim, the log-likelihood function corresponding to the

received signal due to theith LED transmitter,ri(t) in (1), is maximized as follows (cf. (6)):

{τ̂i, α̂i} = argmax
τi,αi

− 1

2σ2

∫ T i
2

T i
1

(ri(t)− αiRpsi(t− τi))
2dt (22)

which is equivalent to (cf. (21))

{τ̂i, α̂i} = argmax
τi,αi

αi

∫ T i
2

T i
1

ri(t)si(t− τi)dt−
Rp

2
α2
iE

i
2 (23)
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for i = 1, . . . , NL. Similar to [12, Section III.C], the solution of (23) can be obtained as follows:

τ̂i = argmax
τi

∫ T i
2

T i
1

ri(t)si(t− τi)dt (24)

α̂i =
C i

rs

RpEi
2

, (25)

whereC i
rs ,

∫ T i
2

T i
1

ri(t)si(t− τ̂i)dt. Then, based on the acquired TOA estimates, the TDOA estimates can

be calculated as (see (3))

d̂i = τ̂i − τ̂1 , (26)

for i = 2, . . . , NL. The transition from the TOA estimates to the TDOA estimatesis important for reducing

the computational complexity as it eliminates the need for estimating∆ since the time offset information

is not present in the TDOA.

In the second step, the aim is to estimatelr based ond̂i for i = 2, . . . , NL and α̂i for i = 1, . . . , NL.

To that aim, the following proposition is presented.

Proposition 2: WhenEi
3 = 0 for i = 1, . . . , NL and the SNR levels are sufficiently high for all optical

channels (i.e.,α2
iR

2
pE

i
2 ≫ σ2), d̂ , [d̂2, . . . , d̂NL

]T andα̂ , [α̂1, . . . , α̂NL
]T can approximately be modeled

as

d̂ = d+ η , (27)

α̂ = α+ ζ , (28)

whered , [d2, . . . , dNL
]T , α , [α1, . . . , αNL

]T , η is a zero mean Gaussian random vector with covariance

matrix

Σd = 1
σ2

R2
pα

2
1E

1
1

+
σ2

R2
p

diag

(

1

α2
2E

2
1

, . . . ,
1

α2
NL

ENL

1

)

(29)

with 1 denoting a matrix of all ones anddiag(·) representing a diagonal matrix, andζ is a zero mean

Gaussian random vector with covariance matrix

Σα =
σ2

R2
p

diag

(

1

E1
2

, . . . ,
1

ENL

2

)

. (30)
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Furthermore,η andζ are independent.

Proof: Please see Appendix B.

It is important to note that the assumption thatEi
3 = 0 is not a significant limitation for common

practical applications sinceEi
3 = 0.5(s2i (Ts) − s2i (0)) and common pulses employed in practice satisfy

si(Ts) = si(0).

The results in Proposition 2 can be explained and utilized for localization as follows: As the estimatesd̂i

andα̂i from the first step are optimal in the ML sense, those estimates should be asymptotically unbiased

and efficient [39]. Then, the approximate models in (27)–(30) can be used to estimatelr by considering

the ML parameter estimation framework. It is noted that the only parameter to be estimated now islr,

which is included both inα and d. Therefore, considering the approximate models in (27)–(30), the

log-likelihood function of the estimatesν , [d̂
T
, α̂T ]T from the first step can be written as

Γ(ν) = −1

2
log |2πΣ| − 1

2

(

(ν − µ)TΣ−1(ν − µ)
)

, (31)

whereΣ , Diag(Σd,Σα) with Diag(·) denoting a block diagonal matrix of its arguments,µ , [dT , αT ]T ,

and log denotes the natural logarithm. Based on the log-likelihoodfunction in (31), the ML estimate of

lr can be written as

l̂r = argmin
lr

log |Σd|+ (ν − µ)TΣ−1(ν − µ) (32)

which is the estimator in the second step of the proposed two-step estimator.

It is worth noting that the first term in (32) does not containΣα since thelog |2πΣ| term in (31) can be

written as the summation of individual determinants andΣα does not depend on the unknown parameters,

namelylr. On the other hand,Σd depends onlr throughαi’s and therefore it is present in the objective

function in (32). In addition, it should be emphasized that the covariance matrixΣ is not diagonal due to

the transition from the TOA to the TDOA measurements, which results in correlations among the noise

components in the TDOA estimates.

To summarize, the proposed two-step estimator works as follows: First, the ML estimates ofαi and

τi are obtained from (24) and (25) fori = 1, . . . , NL. Then, fromτi’s, the TDOA parameters,di’s, are
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computed as in (26) by selecting one of the LED transmitters as the reference. In the second step, the

approximate models for the TDOA and RSS estimates obtained in Proposition 2 are utilized, which leads

to the estimator in (32) for the location of the VLC receiver.

It is important to compare the direct positioning approach in the previous section with the proposed two-

step estimator. The direct positioning approach leads to the optimallr that maximizes the log-likelihood

function in (6). On the other hand, the two-step estimator first maximizes the individual log-likelihood

functions related to the received signals due to different LED transmitters, and obtains the optimal TOA

and RSS estimates in the ML sense. Then, to remove the effectsof the time offset, the TDOA estimates

are generated from the TOA estimates. Then, given the RSS andthe TDOA estimates, the second step

employs the ML position estimator for high SNR scenarios. Therefore, the suboptimality of the two-step

approach is related to both the TDOA generation operation and the suboptimality of the estimator in the

second step when SNRs are not sufficiently high.

Regarding the computational complexity, the optimizationproblem in (21) corresponding to the direct

positioning approach involves a search over a four-dimensional space as the optimization variable contains

both lr and∆. On the other hand, the two-step estimator does not take∆ as an argument of the objective

functions neither in the first step (see (24) and (25)) nor in the second step (see (32)). In particular,

the two-step estimator requiresNL one-dimensional optimizations as in (24) and one three-dimensional

optimization as in (32). Hence, the use of the two-step estimator is advantageous over the direct estimator

in terms of computational complexity.

V. NUMERICAL RESULTS

This section provides numerical examples to illustrate thetheoretical limits on localization and the

performance of the positioning algorithms in the previous section. A room with a width and a depth of

15 m and a height of4 m is considered. Four LED transmitters are placed at locations l1t = [10, 10, 4]T ,

l2t = [5, 10, 4]T , l3t = [10, 5, 4]T and l4t = [5, 5, 4]T m, and they point downwards, i.e.,ni
t = [0, 0,−1]T

for i = 1, 2, 3, 4. The VLC receiver is located on the floor and it points upwards, i.e., nr = [0, 0, 1]T . In
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addition, it is assumed that there are no wall reflections in the room and only LOS components of the

transmitted signals are received by the VLC receiver (see Section II).

A VLP system similar to the ones employed in [10], [18] is considered in the following simulations.

Namely, the responsivity and the area of the photo detector are taken asRp = 0.4 mA/mW andAr = 1

cm2, respectively. The Lambertian order of the LED transmitteris given bym = 1. Moreover, the power

spectral density level of the AWGN is set toσ2 = 1.336× 10−22 W/Hz. Also, the transmitted signal from

the ith transmitter is modeled as

si(t) = A(1 + cos(2πfct− π)), t ∈ [0, Ts] (33)

with fcTs ∈ Z, wherefc is the center frequency andA denotes the source optical power that is used to set

the SNR value of the corresponding optical channel. Moreover, by plugging the signal in (33) into (13)

and (14), one can obtain thatEi
1 = 4

3
π2f 2

cE
i
2 andEi

2 = 3

2
A2Ts. Under this signal model, the CRLB for

estimatingαi and τi can be obtained by inserting theseEi
1 andEi

2 values into (38), which consequently

yields

Var(α̂i) ≥
2σ2

3R2
pA

2Ts

, (34)

Var(τ̂i) ≥
σ2

2π2α2
iR

2
pf

2
cA

2Ts

. (35)

Notice also that the signal in (33) satisfyEi
3 = 0, which is employed in the two-step positioning approach.

In the following, we first focus on two-dimensional positioning in which lr,3, i.e., the height of the VLC

receiver, is known. Next, we also investigate three-dimensional positioning in which all the coordinates

of lr, in addition to the time offset∆, are unknown parameters.

A. Two-Dimensional Positioning

Based on the theoretical limits on positioning, the effectsof various parameters are investigated for

quasi-synchronous VLP systems in the following. First, theCRLBs are computed when the VLC receiver

moves within the room on the floor in order to illustrate how the CRLB is affected by the location of
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Fig. 1.
√
CRLB when the VLC receiver moves within the room on the floor, wherefc = 100 MHz, Ts = 10−6 s, andA = 1W.

the VLC receiver. In Fig. 1, the square-root of the CRLBs are plotted versus the first and the second

coordinate of the position of the VLC receiver, wherelr,3 = 0, fc = 100 MHz, Ts = 10−6 s, andA = 1W.

It can be observed that the CRLB increases significantly towards the corners of the room. This is expected

since the received signal powers at the VLC receiver due to the signals coming from the LED transmitters,

except for the one that is closest, reduce significantly towards the corners, which can be verified by (4).

Therefore, the bound on the positioning accuracy increasessignificantly as the VLC receiver can utilize

only the signal coming from the LED transmitter that is closest for determining its position. On the other

hand, whenlr,1 and lr,2 ranges in the interval[5, 10]m meaning that the VLC receiver is inside the region

restricted by the positions of the LED transmitters, the square-root of the CRLB is on the order of0.1m

or lower, which is much smaller than the CRLBs at the corners.By utilizing the signals coming from

more than one LED transmitter, it is possible to estimate theposition of the VLC receiver more accurately

in this case. All in all, in practical applications, the number of LED transmitters and their locations should

be set based on the room dimensions in order to achieve high accuracy at all places in the room.
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CRLB versusfc for lr = [6, 5.75, 0]T m., andTs = 10−6 s.

Secondly, the square-root of the CRLB is plotted versusfc in Fig. 2 for A = 0.1W, A = 1W, and

A = 10W, whereTs = 10−6 s andlr = [6, 5.75, 0]m. It is noted that increasing the center frequency

does not provide any gains in the positioning accuracy for low frequencies. On the other hand, there is a

critical frequency after which an increase in the center frequency improves the positioning accuracy. The

intuition behind this observation is as follows: For low frequencies, the integral term in (21), equivalently

the T(D)OA parameter, does not carry significant information and the positioning is performed mainly

based on the RSS information. Moreover, it is seen that the CRLB expression of the channel attenuation

factor in (34) does not depend onfc. Since in the low frequencies the RSS information is utilized and this

information does not depend onfc, the CRLB remains the same with respect tofc. On the other hand, for

high frequencies the T(D)OA information is also utilized. Since the lower bound on the variance of the

TOA parameter is inversely proportional tof 2
c , as can be deduced from (35), the CRLB starts decreasing

with fc for high frequencies.
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CRLB versusTs for lr = [6, 5.75, 0]T m., andfc = 100MHz.

In addition, the effects ofTs on the CRLB are investigated in Fig. 3 forlr = [6, 5.75, 0]m and

fc = 100MHz. It is observed that the CRLB decreases withTs for all optical power levels, which is

expected since both the RSS and T(D)OA information increases with Ts, as can be deduced from their

corresponding CRLB expressions in (34) and (35). Therefore, regardless of the type of information that

is used, increasingTs improves the positioning accuracy.

Next, the ML estimators developed in Section IV, namely, thedirect positioning and two-step positioning

approaches, are implemented. Their root mean-squared-error (RMSE) performance is compared against

the square-root of the CRLB, which provides a lower bound on MSE of any unbiased estimator. First, the

RMSE versus the source optical power is plotted in Fig. 4, where lr = [6, 5.75, 0]m, fc = 100MHz, and

Ts = 10−6 s. As expected, increasing the source optical power and consequently the SNR level decreases

the CRLB. By looking at the entries of the FIM in (10), (11), and (12), it can be verified that the

FIM is proportional toA in case ofEi
3 = 0 as bothEi

1 andEi
2 are proportional toA. Hence, the CRLB

becomes inversely proportional toA. Moreover, the RMSE performance of the direct positioning approach
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Fig. 4. RMSE versus source optical power, wherefc = 100MHz, lr = [6, 5.75, 0]T m., andTs = 10−6 s.
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becomes comparable to the CRLB especially for mid-to-high SNR levels. Hence, the asymptotic optimality

of the direct positioning approach is verified in this specific scenario. The two-step positioning technique

also achieves an accuracy level as high as the CRLB for high SNR levels. Thus, it is justified for this

scenario that when the high SNR assumption holds, the two-step estimator also approaches the optimal ML

estimator. On the other hand, for low SNRs, there is significant degradation in the positioning accuracy.

The reason behind this phenomenon is as follows: The first step of the two-step positioning approach aims

to find the TOA values for which the correlator output is maximized, as stated in (24). When the SNR level

is low, the maximizing argument can be detected around the wrong peak of the correlator output due to the

noise, which results in a large difference between the true value and the estimate of the TOA parameter.

As a result, the T(D)OA and consequently RSS parameters cannot be estimated accurately in the first step;

hence, based on erroneous estimates, the second step results in degraded localization performance. All in

all, the SNR range in which the VLC positioning system operates is important in determining whether to

employ the direct estimator or the two-step estimator. If the SNR value is sufficiently large, it would be

preferable to use the two-step approach due to its lower computational complexity.

Moreover, the RMSE versus the source optical power is plotted in Fig. 5 for another scenario in which

lr = [6, 5.75, 0]m, fc = 10MHz, andTs = 10−6 s. Similar remarks to those in thefc = 100MHz case

can also be made in this case. It should be added that in the cases of fc = 10MHz and fc = 100MHz,

the source optical power values after which the RMSE of the two-step estimator achieves the CRLB are

different. Hence, whether to use the direct positioning or the two-step positioning approach should be

decided based not only on the SNR level but also on the center frequency in practical applications.

Finally, the effects of the LED orientation on the CRLB are investigated. Note that in the previous

examples, the LED transmitters look downwards while the VLCreceiver looks upwards. In order to observe

the effects of the orientation, the LED transmitters are tilted at an angle ofθ towards the center of the room,

i.e., [7.5, 7.5, 4]T m. Namely, the normal vectors are given byn1
t = [−nx,−ny,−nz], n2

t = [nx,−ny,−nz],

n3
t = [−nx, ny,−nz ] andn4

t = [nx, ny,−nz] wherenx = sin(θ)/
√
2, ny = sin(θ)/

√
2, andnz = cos(θ).
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CRLB versus LED orientation angle, whereTs = 10−6 s., lr = [6, 5.75, 0]T m., andA = 1W.

In Fig. 6, the square-root of the CRLB is plotted versusθ for fc = 10MHz and fc = 100MHz, where

Ts = 10−6 s, A = 1W, and lr = [6, 5.75, 0]m. It is important to note that the best performance is not

achieved in the perpendicular case, which was used in the previous simulations. However, the gain obtained

by carefully adjusting the orientation is not significant. Therefore, when higher accuracy is desired for a

specific scenario, it would be preferable to adjust such parameters asTs, fc, andA rather than to fine-tune

the orientation angle.

B. Three-Dimensional Positioning

In this part, three-dimensional positioning is considered. Namely, the height of the VLC receiver, i.e.,

lr,3, is also unknown. Similar to the previous part, the VLC receiver is located atlr = [6, 5.75, 0]m., it

points upwards, and the LED transmitters point downwards. Under this scenario, in Fig. 7, the RMSE

performance of the proposed positioning techniques versusthe source optical power is plotted together

with the corresponding the theoretical limits, wherefc = 100MHz andTs = 10−6 s. It is observed that both
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Fig. 7. RMSE versus source optical power, wherefc = 100MHz, lr = [6, 5.75, 0]T m., andTs = 10−6 s.
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positioning techniques achieve accuracies that are very close to the CRLB at high SNRs. Consequently, it

is observed that the theoretical limits are attained by the proposed positioning techniques at high SNRs in

the three-dimensional positioning, as well. Next, we change the center frequency of the transmitted pulse

to fc = 10MHz and again plot the RMSE versus the source optical power. Similar to the previous case,

the performance of the positioning techniques converges tothe theoretical limit in the high SNR regime.

All in all, this part illustrates that both positioning techniques can achieve accuracy levels that are close

to the theoretical limits for three-dimensional positioning, as well.

VI. CONCLUDING REMARKS

In this manuscript, LED based positioning in a quasi-synchronous VLP system has been investigated.

The considered system consists of LED transmitters, which emit known visible light signals, and a VLC

receiver, which locates itself based on the signals coming from the LED transmitters. First, the CRLB

expression has been derived for the corresponding positionestimation problem. Via this expression, the

effects of various system parameters on localization accuracy have been investigated. Next, ML based

position estimators have been considered. In particular, the direct positioning approach, in which received

signals are used directly without any intermediate steps, has been adopted. It has been observed that

performance (i.e., MSE) of direct positioning converges tothe theoretical limit (i.e., CRLB) at high

SNRs. Moreover, a two-step positioning technique, which iscomputationally efficient, has been proposed

by utilizing the asymptotic properties of ML estimation. The MSE of the two-step approach closely

matches with the MSE of the direct approach at high SNRs (i.e., both of them converge to the CRLB),

which shows the effectiveness of the two-step approach. Furthermore, it has been observed that in the

low SNR regime, the information carried in the time information (i.e., TDOA) is erroneous, distorting the

overall performance of the two-step approach significantlycompared to the direct approach. Hence, the

two-step approach is more convenient at high SNRs due to its computational efficiency while the direct

approach is more preferable in the low SNR regime due to its improved performance.
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APPENDIX

A. FIM Derivation

To compute the FIM, the derivatives of the likelihood function with respect to the unknown parameters

are expressed first. Namely, the derivative of the log-likelihood function in (6) with respect to∆ can be

written as

∂Λ

∂∆
= −Rp

σ2

NL
∑

i=1

∫ T2,i

T1,i

ni(t)αis
′

i(t− τi)dt (36)

and with respect tolr,k as

∂Λ

∂lr,k
=

Rp

σ2

NL
∑

i=1

∫ T2,i

T1,i

ni(t)

(

∂αi

∂lr,k
si(t− τi)− αis

′

i(t− τi)
∂τi
∂lr,k

)

dt . (37)

Then, plugging (36) and (37) into (7) yields the results stated in (10), (11), and (12).

B. Proof of Proposition 2

Consider the estimation ofτi andαi based on the received signal from theith LED transmitter,ri(t).

In [12, App. A], it is shown that whenEi
3 = 0, the inverse of the FIM for estimatingαi andτi based on

ri(t) can be calculated as

J
−1
i =

σ2

R2
p









1/Ei
2 0

0 1/(α2
iE

i
1)









, (38)

whereEi
1 andEi

2 are as in (13) and (14), respectively.

By exploiting the asymptotic unbiasedness and efficiency properties of ML estimation, it can be inferred

that at high SNRs,̂αi is a Gaussian random variable with meanαi and varianceσ2/(R2
pE

i
2), and τ̂i is

a Gaussian random variable with meanτi and varianceσ2/(R2
pE

i
1α

2
i ) [12]. In other words,α̂i and τ̂i

can be expressed at high SNRs asα̂i = αi + ζi and τ̂i = τi + κi, where ζi and κi are independent

zero-mean Gaussian random variables with variances ofσ2/(R2
pE

i
2) andσ2/(R2

pE
i
1α

2
i ), respectively. (The

independence follows due to the facts that the ML estimate isGaussian at high SNRs and theJ−1
i in (38)

is a diagonal matrix.) In order to see that{ζi, κi} and {ζj, κj} are also independent fori 6= j, one can
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write the corresponding FIM based onri(t) and rj(t) (by taking {αi, τi, αj, τj} as the set of unknown

parameters), and employ the fact thatni(t) andnj(t) are independent. In this way, it can be shown that

{ζi}NL

i=1 and{κi}NL

i=1 are independent sequences, which are also independent fromeach other.

When the TDOA estimates are generated as in (26), theith TDOA estimate can be expressed as

d̂i = τi − τ1 + κi − κ1 , τi − τ1 + ηi .

From the arguments in the previous paragraph, it can be shownthat d̂i ∼ N (τi − τ1,
σ2

R2
pα

2

1
E1

1

+ σ2

R2
pα

2

i
Ei

1

)

for i = 2, . . . , NL at high SNRs. In addition, the covariance betweenηi and ηj can be calculated as

σ2/(R2
pα

2
1E

1
1).

Based on all these results,α̂i’s and d̂i’s can be modeled as in (27)–(30). Moreover, since{κi}NL

i=1 and

{ζi}NL

i=1 are independent,{ηi}NL

i=2 and{ζi}NL

i=1 also become independent, as claimed in the proposition.�
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