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Abstract—The problem of minimizing total power consumption is proposed to reduce the positioning error. The work in
in light-emitting diode (LED) transmitters is investigated for [18] focuses on a multi-user visible light communicatiordan
achieving power efficient localization in a visible light con-  qgitioning (VLCP) system, and proposes a joint subcarrier
munication and positioning (VLCP) system. A robust power d I fi ht imize th t
allocation approach based on stochastic uncertainties isrpposed and power a _Oca lon al‘?p_roac 0 maximizeé the Sum r‘_"‘ e
for total power minimization in the presence of localization Under constraints on minimum data rates and localization
accuracy, power, and illumination constraints. Specificdl, the accuracy of users. In [20], optimal and robust power aliocat
power consumption minimization problem is formulated unde' a  strategies are examined to improve localization perforean
chance constraint on the probability of Cramér-Rao lower bound of VLP systems and to address the problem of minimum

(CRLB) exceeding a tolerable limit, which is a computationdy L .
intractable constraint. The sphere bounding method is used power consumption in the presence of uncertainty modeled by

to propose a safe convex approximation to this intractable deterministic norm-bounded errors. In this letter, we pis®
constraint, which makes the resulting problem suitable forstan- the problem of minimum total power consumption for LED
dard convex optimization tools. Numerical results demonsate transmitters in a VLP system in which a stochastic approach
the advantages of the proposed robust solution over the non- js empraced in modeling the uncertainties in the localizati
robust solution and uniform power allocation in the presene of NS
stochastic uncertainty. parameters. To our knowledge, the total power minimization
Index Terms- Visible light communication and positioning Problem in the presence of stochastic uncertainty has rest be

(VLCP), robust design, power efficiency, chance constraimk considered before in the VLP literature, which is an impuotrta

programming, convex optimization. problem as the assumption of deterministically boundearsrr
may not be practical in general [21], [22].
. INTRODUCTION The minimum total power consumption problem in the

ase of deterministic norm-bounded uncertainty is solved i

0] through an upper constraint on the Cramér-Rao lower
QU und (CRLB) for the localization error, which yields a cerv
.optimization problem . However, in the case of stochastic un
Egrtamty considered in this work, the fact that the unbaahd
parameter uncertainties come into the problem precludes th
use of a worst-case upper bound on the CRLB [21], [22].
é:or such a case, we propose to formulate the robust design

problem as achance constraineptimization problem, in
WhICh a probabilistic constraint on tHecalization accuracy

usage of visible light systems to accomplish localizatesks, outage probabilityis established [23], [24]. We propose to

have also become an intriguing area of research [6]-[8]. ﬁglve this problem by proving that this probabilistic coastt

VLP systems, the location of a VLC receiver can be estlmatgan tﬁonser:vatwgly b;z apprt%x?afrer(]j by ?tconvetx f[:onstralnt
by utilizing the visible light signals transmitted by ancho via the sphere boundingnetno IS solution strategy 1S

nodes, which are LED transmitters with known locations [9 .h(t)wn to St?“t?'lf)'/t any constra(;ntt Ot?] the Iocatljlzat'uon ac%Jrr]ac
Our main objective in this work is to design power efficien utage probabiiity as opposed 1o the€ non-robust appro an

VLP systems by minimizing the total power consumption i € u_mform power allocation strategy. The main cont_rmm;
LED transmitters while maintaining a desired level of lozal of this work over [20] are related to the consideration of a

tion performance under practical constraints. Althougtvero prpt_)abilistic constraint on the _Iocalization accuracy toe
and resource allocation has been investigated extendioely minimum total power consumption problem in a VLP system

VLC systems (e.g., [LO]-[16]), it has been considered On@pd the proposed solution approach based on the sphere
in a few studies for VLP systems [17]-[20]. In [17], an or- ounding method.

thogonal frequency division multiple access (OFDMA) based

visible light system with both communication and positiapi Il. SYSTEM MODEL

capabilities is considered, and a power allocation alforit

Visible light communication (VLC) applications based o
light-emitting diodes (LEDs) have become widespread
recent years due to the advances in LED technologies
well as their advantages over current wireless commuicati
schemes [1]-[3]. VLC-based designs come into prominen
not only by their multi-purpose utilization capability alg
with indoor illumination but also by providing high data
rates, low multipath fading, and no requirement of a licens
spectrum [4], [5].

Visible light positioning (VLP) systems, which involve the

We consider a VLP setup in which the location of a VLC
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the VLC receiver is considered [6], [25], [26]. The receiveA. Assessment of Localization Performance

is assumed to be able to process the signals sent by different

LED transmitters individually by following a multiple ace®  In order to quantify the localization performance of the

protocol (e.g., frequency-division multiple access). Ththe VLP system, the CRLB for the location estimation error

received (electrical) signal at the output of the photoctete is chosen as the performance metric. The main motivations
at the VLC receiver due to the signal transmitted by itie behind the use of the CRLB metric are that the maximum

LED transmitter can be modeled as [11], [27] likelihood (ML) estimator achieves a very close performanc
to the CRLB at high signal-to-noise ratios and that CRLB
ri(t) = aiBpsi(t — ) +1:(t) @) expressions commonly facilitate theoretical investigasi and

for i € {1,...,N.} andt € [T1,,T»;], whereT;,; and analyses [20].

T»; are the starting and the ending time instants for VLC Among other factors, the CRLB is related to the transmitted

receiver's observation of the signal transmitted by thle signalss;(¢) utilized in the localization of the VLC receiver.

LED transmitter,«; is the optical channel attenuation factoAs in [20], the transmitted signals can be represented mser

between theith LED transmitter and the VLC receiveR, of base signals;(t) as

is the responsivity of the photodetector at the VLC receiver

s;(t) is the transmitted signal of tha&h LED transmitter,r; -

is(tr)le time-of-arrival (TOA) of the signal arriving from the sit) = \/Esi(t) )

ith LED transmitter, andy;(¢)'s are independent zero-mean

additive white Gaussian noise processes each having aalpeédr i < {1,..., N.}, where the non-negative base signal rep-

density level of? (with the independence stemming from theesents the normalized version of the transmitted signeth su

multiple access protocol). that it has a unit power, i.e., it satisfigs " (5;(t))* dt = T, ;,
The TOA in (1) can be determined by where T, ; denotes the duration of the transmitted signal. In

[ l§|| other words, in this configuratior;; indicates the electrical

=4 (2) transmit power of théth LED transmitter. Then, we define
c

where the positions of the VLC receiver and tita LED N T

transmitter are denoted by = [I,.; I, l.3]7 andli = p=[Pi- Py, )
(i1 1i 5 I} 5]" respectivelyc denotes the speed of light, ||

specifies the Euclidean norm, afidstands for the clock offset yhich is used as the main optimization variable for the
between the VLC receiver and thih LED transmitter, which minimum total power consumption problem. As shown in (4),

is equal to zero in synchronous systems and regarded asp@p power optimization framework relies on scaling the non-

unknown parameter in asynchrpnous systems [_27]- negative base signals(t) by parameters/P;, which implies
The optical channel attenuation facters given in (1) can that adjustingp in (5) affects both the DC and AC parts of
be expressed through the Lambertian model as [28] the LED signals.
S(m; + 1)1 = 1,)Tn, The CRLB on the variance of any unbiased estiméatdor

Q= 277((lr — l:»)Tné)fmi () the VLC receiver locatiord, is expressed as [27]

where S is the area of the photodetector at the VLC receiver, 5 _

m,; stands for the Lambertian order for titb LED, andn, = E{”lr o erQ} = trace {J 1(p)} 6)
[nr1 np2 nesl” andnf = [n}, ni, nj;]" correspond to

the orientation vectors for the VLC receiver and ttie LED whereJ(p) is the Fisher information matrix (FIM), which is
transmitter, respectively. In this configuration, it is @s®d computed by [20]

that parameters and n, are known by the VLC receiver

(e.g., via measurements from a gyroscope) and the parameter

L — et

X _ T
related to the LED transmitters (i.en;, I{, andn}) can be Jp) =L @p) L. 7
acquired by the VLC receiver through communications with
each of the LED transmitters. In (7), I3 is the3 x 3 identity matrix, denotes the Kronecker

product, and
IIl. PROBLEM FORMULATION AND PROPOSEDAPPROACH

In this section, we first formulate a robust total power Y11 Y12 V1,3
minimization problem for VLP systems under a chance con- I'£ |y21 722 723| € R3NP (8)
straint related to the localization accuracy of the VLC reee Y31 Y32 V33
Then, we apply the sphere bounding method to provide a low-
complexity solution to the proposed problem. with

1The signal model in (1) is in compliance with Eq. (3) of [11} the case N7
of single-color LEDs. I ['y,(;?kz e 7,(%23 e RMN: (9)



for k1, ke € {1,2,3} [20]. 71(<i1).,k2 in (9) is as described in [20, (i) The fact that VLP systems are used for illumination
App. A], which is also stated below for convenience: purposes in indoor scenarios may necessitate particular
locations over the region to have illumination limitations

(i),syn .
FO = Vhy ke if synchronous VLP system Therefore, we have the constraint $&t specified in [20,
e V;ii),’;jsy, if asynchronous VLP system Eq. 17], which is expressed as
2 ~
(1)syn & Ry Ei 9o Oai + Eig? 07 _Omi Ps 2 {p € RM : Tina(x¢,p) > Iy, £=1,...,L} (11)
k17k2 02 28[1‘,]61 alr.kz 1 alr.kl 811‘,]62 . . . .
’ ’ with L denoting the number of locations at which the
i 8041' 671- 671- 8041' . . . . e = .
— Fia; ETRE] + BTRE] illuminance constraint should be satisfied ahdbeing
) rk ; r,ka k1 Chr.ka the illuminance constraint for locatior,. In addition,
(asy & % i (B5)*\ Oai Oay Tina(x¢,p) in (11) is given by [20]
k1,k2 o2 2 Ei alr,kl alr,kg N
Ts,i . Ts,i R — . .
ge [ G’ Be [ Gw) Tnalot:) = 3 VP o)
0 0 =
. Tsi - — i with
e [Usoson, g - e
0 O c|l, =1 61(x) (mi + 1)k EJP [(x — li)Tné] (lt.3 —3)
i i\mi—1 i = R,
8041' _ (ml + 1)5 ((lr - lt)Tnt) 27THX - lt” o
oy 2 L, — )™+ (12)
x (m; ni,k(lr — 1) "y +np (1 — li)Tni) where Efpt £ OTS'i 5i(t)dt/Ts,; and k; represents the
(m; +3) ek — UL }) DT i luminous efficacylin/W) of theith LED [29]. It is noted
- G — ™ (L = 2)"ni) ™ (1 = 1) nr) that the illumination constraints are related to the DC
N vt o levels of the transmitted signals.
wheres;(t) denotes the derivative 6 (¢). o (iii) In some scenarios, an additional average illuminance
Remark 1: From the preceding expressions, it is noted  constraint over a certain region (e.g., the entire indoor
that, for a given power vectop, the CRLB is determined region) may exist. In order to handle such situations, we
by matrix I', which depends on the VLP system parameters, induce the constraint sé2, in [20, Eq. 19], which can
consisting ofR,, S, o2, l,, n., Iy, ni, m;, E}, E}, and be stated as
Ei for i € {1,...,Nr}. In general, the knowledge of the Ny N2
receiver related parameters except Elqrnamelly,Rp, S, 02,_ P2 {p c RN . Z 1/ di(x)dx > favg} (13)
and n,, can be available at the VLC receiver or obtained — Al Ja

by it via previous observations or sensor (e.g., gyroscope)
measurements. Similarly, the knowledge of the transmitter
related parameters,, ni, m;, Fi, E}, and Fi, are available

at the LED transmitters. Since the knowledge of some system
parameters (e.gn,) may be imperfect and, is unknown in
general, it is not possible to knolv perfectly. Hence, a robust C. Robust Minimization of Total Power Consumption via
approach should be taken by employing a suitable unceytaifthance Constrained Programming

where A denotes the region,A| is the volume of A,
¢i(x) is as in (12), andZ.., represents the average
illuminance constraint.

model for the information abour. u The aim is to perform optimal power allocation among
the LED transmitters in order to minimize their total power
B. Practical Constraints on LED Powers consumption under a constraint on the localization acgurac

Bef he f lati f th o bl h01‘ the VLC receiver as well as the practical constraints in
efore the formulation of the optimization problem, these. 1.8 This power allocation operation is performed by

qor_lstr_aint sets on the LED pOWers should be specified. Theas%entral controller (e.g., a micro-controller) that sete t
Ilmlta_\tlons are due to_ practlca_l concerns §UCh as hardweﬂ&rameters of the LED transmitters [19]. Since the knowdedg
requirements and desired ambient illumination levels. of the system parameters that deterniinthence, the CRLB)

() Individual bounds on each of the allocated LED powefigay not be available at the central controller (Remark 1),
exist for guaranteeing the operation of each LED in the power allocation should be performed in the presence of
linear region so as to provide efficient optical energynperfect knowledge. Therefore, a robust constraint shoel
conversion and also to prevent self-heating resulting frogpnsidered for the localization accuracy of the VLC receive
high currents flowing through the LEDs. Thus, the conf ypper and lower bounds on the error related to each
straint setPy in [20, Eq. 12] must be considered, whichsystem parameter are known, a deterministic norm-bounded
is stated as follows: uncertainty model as in [20] can be employedForHowever,

P2 (peRM :py <p = puw) (10) such knowledge may not always be _available due to stochastic

nature of error sources in measuring some parameters. As
wherepy, € RM andp,;, € RVt represent, respectively,an alternative approach, we propose a stochastic undgrtain
the lower and upper bounds gnin (5). model in this work. Namely, we model the uncertainty in the



measurement of the actual localization parameter mdtrix problem with the localization accuracy outage probability
by considering the measured value BfasT' = I" + AT, constraint can then be proposed as
where AT represents the stochastic error matrix. The faCtminimize 17p (16a)
that the measured matriKk is obtained as a result of the p
noisy estimates of the true matrk leads us to consider subjectto  Prob {trace{.]*l(p)} <e}>1-¢ (16b)
the error matrix AT having a certain probabilistic struc- peP (16¢)
ture [30]-[33]. Similar to RF [23], [30] and visible light B
[21], [22] based models, we can model the free entrias whereJ(p) = (I; ® p)” (T — AT) is the FIM given in (7)
AT ¢ R3Nex3 as independent and identically distributecind ? £ P, NP3 N P, stands for the practical LED power
zero mean Gaussian random variables with variarfcei.e., constraints mentioned in Sec. 11I-B (please see (10), (rJ),
AT, ~ N(0,02), where AT j;, is the (4, k)th entry in AT (13)).
for (4,k) € {1,...,3N.} x {1,2,3}. This can alternatively  Since the chance constraint in (16b) is not computationally
be stated as tractable, we resort to thephere boundingnethod to derive a
) tractable convex constraint that provides a safe apprdioma
[Vd(AF)} NN({O} {06131\@ 20 D (14) to (16b) in the sense that any point satisfying the new
Vod(AT) 0}’ 0 oelsn, constraint also satisfies (16b) [33]. The following propiosi
presents a worst-case type deterministic condition undéztw

wherevy(T') andvoy(T) (both R3:*? — R3N:*T) denote o probabilistic constraint (16b) always holds.

the vectorization operators to stack the diagonal (g, for - R
j € {1,2,3}) and the off-diagonal (i.eq; for j # k and Proposition 1. Let B = {¥ € R*N2>3 . ||W]| < &}, where

4,k € {1,2,3}) columns of any matrid* € R3V2*3 having || - || denotes the matrix spectral norm agds defined as
the structure in (8). . )
Remark 2: The use of the Gaussian error model in (14), £= Ue\/?"I’XgNL (\/ 1= C) (17)

which is also employed in [21]-[23], [30], can be justified o ) _ ) o
by the fact that the Gaussian distribution corresponds ¢o tHith @3> () denoting the inverse cumulative distribution
worst-case scenario as it maximizes the differential @ytfor function (éDF) of a chi-squared random variable wisiv,
a given mean and variance. Hence, it leads to a conservatiggrees of freedom. Then, the following implication holds:t
(robust) approach. , ) u trace{[(Is @ p) (T - ®)] "'} <e, VO € B —

Remark 3: Referring to Remark 1, the transmitter related s )
parametersl!, ni, m;, E!, Ei, and E%, are already available =~ Prob {tface{[(Is @p) (I'—ADN)]} < 6} >1-¢.
at the central controller, and the receiver related pararsget (18)
R,, S, ¢?, andn,, can be sent to the central controller viei3 : 1

n - . . f. We def s and
the uplink (e.g., via WiFi or infrared links [17], [19]). In roof. We define new sets, and5 as
addition, the position estimate at the VLC receiver can lng¢ se B, 2 {‘I, € R¥NVEX3 . [lyy(B)]]s < &

to the central controller regularly so that it can have infger V3’
knowledge ofl, for the power allocation operation in the next ), < £ 19
cycle. Overall, the uncertainty in the knowledgeldis caused [voa(®)ll2 < V3 (19)
by many factors such as the errors in measuring parameters,

the errors during communications from the VLC receiver to ga (W e R3NS3 ||| < €) (20)

the central controller, and the dynamics of the VLC recelller

As the Gaussian distributed errossT';;, are unbounded, Where|| - |[» denotes the Frobenius norm. First, we note that
a worst-case constraint on the CRLB cannot be imposed.
Therefore, in order to handle such uncertainties, we pmpod’tob{AT" € B}
a chance constrained programmingased optimization ap- 3 3
proach, where we introduce an upper constrginbn the = Pmb{Hvd(AF)H? = ﬁ}Pmb{HVod(Ar)”? = ﬁ}

probability that the CRLB exceeds a certain level This (21a)
constraint can be stated as 9
= |Prob {(||vd(A1")||2/cre)2 <o} (V1-¢ H
Probar {trace{J™'(p)} <€} >1—-¢ (15) [ Xang ( ) (21b)
where AT has the distribution specified in (14) aadepre- =1—-¢ (21c)

sents the threshold value that the CRLB is expected to exc%qere (21a) follows from (19) and (14), (21b) is based on (17)

only by a maximum chance af € (0, 1).’.Wh'Ch IS cglled and (21c) is due to (14) and the definition®f, (-). Now,
the localization accuracy outage probabilityFor notational ) Xan, 20 _
assume that the left-hand-side (LHS) of (18) is satisfiedc&i

simplicity, we omit subscriptAT" in (15) in the remainder = = ,
of the manuscript.) The minimum total power consumptioﬁgtg_ B via (19) and (20), and C B via || ¥ < ||¥||r, we
obtain

2It is noted thatl" in (8) contains6N;, free entries asyx, x, = Yio k; - trace{[(Is ® p)T (T — )] "'} < ¢, VU € B,. (22)



Then, we have of solving the worst-case accuracy constrained optinunati
~ _ problem using the noisy measuremdhtwhich can be for-
Prob { trace {[(I3 @ p)" (T — AT)] "'} <€} mulated as [20]

> Prob{AT € B;} (23)

. . . 1T 26
which yields the desired result in (18) via (21). ] ze p (26a)
subject to trace{[(Is @ p)TT] '} < e (26b)

Based on the implication in (18), the constraint (16b) can be
replaced by the LHS of (18), which can be transformed into a peP (26c)
set of linear matrix inequality (LMI) constraints. Proptisn ) ) _

2 asserts to construct a convex optimization problem that cgnd also with the uniform power allocation strategy of
stitutes a conservative tractable approximation of thgioai ~

Proposition 2. The chance constrained problem (@6) can forie {1,...,Np}.
safely be approximated through the following convex otmi  Figs. 1(a) and 1(b) show the CDF of the CRLB for
tion problem (i.e., any feasible point ¢24) is feasible for different noise variances in (14), namely> = 10~ and

(16)): 02 = 4 x 107*, respectively, where the outage probability

. T limit in (16) is set to¢ = 0.15. We observe that the proposed
mﬁfﬁf?fe I'p (24a) robust strategy satisfies the probabilistic constrainig)i.e.,
subject to trace{H} < e — Ds (24b) it guarantees the specified accuracy levigr 100(1 —¢)% of

the realizations. On the other hand, the other two appr@ache
®(p,H,5,p) =0 H=0,p 20 (240) fail to satisfy the chance constraint in (16) as they disretize
peP (24d) probabilistic uncertainty iT". In addition, the robust strategy
tends to over-satisfy the probabilistic constraint &as de-
creases, which indicates that the approximation in Préiposi

2 becomes tighter for higher levels of uncertainty.

where D stands for the dimension of localizatioH,, s, and
4 are auxiliary variables, and

®(p,H,s, 1) Fig. 2 illustrates the average power of the LEDs versus the
H -+ sI I 0 accuracy constrainy/e for the robust, non-robust and uniform
N I (I;op) T—ul —$I;op)7|, (25 Power allocation strategies, whege= 0.15 ando? = 107"
0 _§(13 ® p) 2 I It is observed that the uniform power allocation strategy
_ _ _ ? consumes the highest transmit powers. Also, it is noted that
with ¢ being defined ir(17). the relative performance gain of the proposed robust stydse

Proof. Following the same steps as in the proof of [20, proﬁllchieved at the cost of higher transmit powers than thodeein t

3], the LHS of (18) can be shown to be equivalent to the LMion-robust approach. Hc_>wever, it _should be_ emphasized that
constraints in (24b)-(24d). Hence, according to Propamsiti, the robust strategy provides a solid theoretical guarafuee

the feasible region of (24) is contained entirely in the figies S21sfying the chance constraint in (16) unlike the nonssnb
region of (16). m and uniform power allocation approaches.

Based on Proposition 2, the convex optimization problem
in (24) can be solved to perform power efficient localization V. CONCLUDING REMARKS
in VLP systems by satisfying the chance constraint in (16b)

as well as the practical constraints in (16¢). In this work, the minimization of total power consumption

in LED transmitters in a VLP system has been considered
via a chance constrained programming approach. We have
IV. NUMERICAL RESULTS formulated the problem with a stochastic uncertainty méafel

In this section, we present a numerical example to ithe localization parameters. This yields an optimizatioobp
vestigate the performance of the proposed approach for then having an intractable non-convex constraint relatetthéo
chance constrained minimum total power consumption proprobability that the localization CRLB exceeds a certairele
lem. We consider an asynchronous VLP setup in a rooas well as constraints on LED powers regarding the hardware
of size 10 x 10 x 5m? with N, = 4 LED transmitters requirements and the illumination task of the VLP system.
and a VLC receiver whose locations and orientations are A& have demonstrated that the sphere bounding method can
specified in [20, Table I]. The scaled version of the signdle applied to approximate the non-convex constraint with a
transmitted from théth LED transmitter is modeled @s(¢) = convex one, which facilitates the solution of the minimurtato
2(1 — cos(2mt/Ts,:))(1 + cos(2n feit)) for i = 1,...,Ny power consumption problem via standard convex optiminatio
andt € [0,7s,], where the pulse widtlT; ; and the center tools. The numerical results show that via the proposed ro-
frequencyf. ; along with the other simulation parameters arbust approach, constraints on the localization accuratygeu
as provided in [20, Table II]. The robust strategy illustéchin probability can always be satisfied as opposed to the uniform
Fig. 1 refers to the solution of the convex approximation iand non-robust strategies, with a power consumption level i
(24). This strategy is compared with the non-robust stsategetween the two.
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