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Abstract—In this paper, theoretical limits and estimators ~The study in [11] utilizes a single LED transmitter and muilti
are studied for synchronous and asynchronous visible light ple optical receivers for position estimation, where thsifan
positioning (VLP) systems. Specifically, the Crarér-Rao lower o ihe receiver unit is determined based on RSS measurements

bounds (CRLBs) and maximum likelihood estimators (MLES) . . .
are investigated for distance estimation based on time-dirrival at multiple receivers. In [13], an RSS based VLP system is

(TOA) and/or received signal strength (RSS) parameters. Hyrid ~ designed and a multiaccess protocol is implemented. The pro
TOA/RSS based distance estimation is proposed for VLP systes, posed system can guarantee decimeter level accuracy istalmo
and its CRLB is compared analytically against the CRLBs of gl scenarios in the presence and absence of direct sunlight
TOA based and RSS based distance estimation. In addition, to exposure. A carrier allocation VLC system is proposed ir [14

investigate effects of sampling, asymptotic performance esults o .
are obtained under sampling rate limitations as the noise vaance [0F RSS based positioning and experiments are performed to

converges to zero. A modified hybrid TOA/RSS based distance illustrate its centimeter level average positioning aacyr The
estimator is proposed to provide performance improvementsn  studies in [6] and [15] consider the use of the time delay

the presence of sampling rate limitations. Numerical examies parameter for positioning. In particular, [6] investigatie
are presented to illustrate the theoretical results. . theoretical limits on TOA estimation for visible light sgshs.
_ Index Terms—Estimation, Cramer-Rao lower bound, visible In [15], TDOAs are calculated at a VLC receiver based on
light, Lambertian pattern, positioning. . J ) - v )
signals from three LEDs and two-dimensional position eatim
tion is performed based on TDOAs. As another alternative, th
l. INTRODUCTION AOA parameter can be utilized for localization in VLP system
Recently, light emitting diode (LED) based visible lighf10], [16], [17]. For example, the study in [10] considers a
communication (VLC) has attracted significant attentiop-[1 multi-element VLC system and exploits the narrow field of
[4]. VLC systems can provide both illumination and higlview of LEDs to extract position related information from
speed data transmission for indoor environments. In additiconnectivity conditions. Based on a least-squares esiimatl
to communications, LEDs can also be utilized for positigninkalman filtering, average positioning accuracy on the oafer
[5]-[10]. Since multipath effects are not significant indinf- 0.2 meter is reported.

sight (LOS) visible light channels, accurate positioniag ®e Although there exist many studies on VLP systems, the-
performed via visible light positioning (VLP) systems. Hig gretical limits on estimation accuracy have been consitlere
accuracy provided by VLP systems can facilitate various aary rarely [6], [7]. Theoretical limits for estimation pent
plications and services such as robot navigation, asssiig seful performance bounds on mean-squared errors (MSESs) of
and location specific advertisement [2], [5]. estimators and provide important guidelines for systenigdes

In VLP systems, various types of parameters such @5 [s] the Cramér-Rao lower bound (CRLB) is presented
received signal strength (RSS), time-of-arrival (TOAE o gistance (or, TOA) estimation in a synchronous VLC
difference-of-arrival (TDOA), and angle-of-arrival (AQAan  system. The effects of various system parameters, such as
be employed for position estimation. In RSS based systendgyrce optical power, center frequency, and the area of the
the position of a VLC receiver is estimated based on RSpoto detector, are investigated. Simulation results cae
measurements between the VLC receiver and a number@fytimeter level accuracy limits for typical system partere
LED transmitters [8], [9], [11]-[14]. Unlike in radio fre@ncy The study in [7] derives the CRLB for distance estimation
(RF) based systems, the RSS parameter can provide VERked on the RSS parameter, and investigates the dependence
accurate position related information in VLP systems singg the CRLB expression on system parameters such as LED
the channel attenuation factor does not fluctuate Signﬂwa”configuration, transmitter height, and the signal bandwidt

in LOS visible light channels. In [8], a complete VLP systeM\gain, CRLBs on the order of centimeters are observed for
based on RSS measurements and trilateration is implementgg.4 system parameters.

and the achieved sub-meter accuracy is compared agaiest ot In this stud ic signal del. which TOA
positioning systems. In [9], Kalman and particle filtering a n this study, a generic signa’ model, which covers

employed for RSS based position tracking in VLP system*g‘?‘SeOI [6] and. RSS based [7] d|§tange .est|mat|on.as special
cases, is considered, and theoretical limits and estimaia
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comparisons are provided between the current study and thttee LED transmitters (which have known positions), the VLC
in the literature [6], [7]. Also, via the CRLB expressionsreceiver can estimate its distance (range) to each LED-trans
the accuracy limits for TOA based, RSS based, and hybridtter and determine its position based on distance es#nat
TOA/RSS based distance estimation are compared analyticalhe aim in this study is to investigate the fundamental Bmit
Furthermore, asymptotic results are obtained for the MU=s uon distance estimation.

der sampling rate limitations, and a modified hybrid estonat Consider an LED transmitter at locatidp € R? and a

is proposed to perform accurate distance estimation irtipeic VLC receiver at locatiorl,, € R? in an LOS scenario. The
scenarios. The main contributions and novelty of the pager adistance between the LED transmitter and the VLC receiver

be summarized as follows: is represented by:, which is given byx = ||l — l||2. The
« The hybrid RSS/TOA based distance estimation is préeceived signal at the VLC receiver is expressed as [6]
posed for VLP systems for the first time. In addition, r(t) = aRy s(t — 7) + n(t) 1)

the CRLB and the MLE corresponding to the hybrid
RSS/TOA based distance estimation are derived, whiébr ¢ € [T1,T5], whereT; and T, specify the observation
have not been available in the literatdre. interval,« is the attenuation factor of the optical channebf

« Analytical expressions are derived for the ratios betweé), R, is the responsivity of the photo detectaft) is the
the CRLBs for the TOA based, RSS based, and hybricansmitted signal which is nonzero over an interval(ofTy],
TOA/RSS based distance estimation. In particular, it isis the TOA, andn(t) is zero-mean additive white Gaussian
shown that the CRLB for the hybrid TOA/RSS basedoise with a spectral density level of. It is assumed that
estimation converges to that of the TOA based distanég, and s(t) are known by the VLC receiver. Also, the TOA
estimation for3 > c¢/z, and to that of the RSS basedparameter is modeled as
distance estimation fo¥ < ¢/x, whereg is the effective x
bandwidth of the transmitted signat, is the distance = +A @)

between the LED transmitter and the VLC receiver, aqﬁherex is the distance between the LED transmitter and

¢ is the speed of light. he VLC receiver,c is the speed of light, and\ denotes

« Effects of sampling rate limitations on the TOA base : :
. he time offset between the clocks of the LED transmitter
RSS based, and hybrid TOA/RSS based MLEs are Ch%‘ﬁd the VLC receiver. For a synchronous systein—= 0,

actgrized via asymptotic MSE expressions as the NOGHereas for an asynchronous systefn,is modeled as a
varlancelgonvergfes to Z€r0. in th deterministic unknown parameter. It is assumed that coarse
- TO prO\f/' € pel_r ormanc? Improvements ('jr.'f. tdeh pbre. cquisition is performed so that the signal component in (1)

$’r(1)(f/ROSSSGI13r22eI39ers?itriatlgqutéiglo;rf)’pgsergo blafge d gn”t esides completely in the observation inter{&], T5].

hybrid TOA/RSS based MLE. ®The channel attenuation factarin (1) is modeled as
In addition, slightly more general CRLB expressions than o= m+1 cos™ (¢) Cos(g)@ ©)
those in [6] and [7] are presented for the TOA based and RSS 2 z?
based distance estimation, and the conditions under whizh wherem is the Lambertian orderi  is the area of the photo
CRLB expressions in [6] and [7] arise are specified. Furthettetector at the VLC receiveg is the irradiation angle, anél
more, comparisons among different approaches are providedhe incidence angle [6], [8]. For compactness of anaiytic
in terms of theoretical estimation accuracy and robustt@ssexpressions, it is assumed, similarly to [6], [7], [11], tthiae
sampling rate limitations. Numerical examples are protige LED transmitter is pointing downwards (which is commonly
investigate the theoretical results. the case) and the photo detector at the VLC receiver is pgjnti

The remainder of the paper is organized as follows: Th#®wards such thap = 6 and cos(¢) = cos(d) = h/x,

system model is introduced and the parameters are defingtere i denotes the height of the LED transmitter relative
in Section Il. The CRLBs and the MLEs are derived foto the VLC receive? In addition, as in [6], [7], [9], [11], it is
synchronous and asynchronous scenarios in Section IlI, sé@&gumed that the height of the VLC receiver is known; that is,
comparisons are presented among the CRLBs in various cap@ssible positions of the VLC receiver are confined to a two-
In Section 1V, the asymptotic MSEs are derived for the MLEdimensional plane. This assumption holds in various pratti
when the noise variance goes to zero, and the modified hybsenarios; e.g., when the VLC receiver is attached to a cart
TOA/RSS based distance estimator is proposed. Numerieal 8k a robot that is tracked via a VLP system as VLC receivers
amples are presented in Section V, followed by the conctudifiave fixed and known heights in such applications (e.g.,Fig.

remarks in Section VII. in [5]). Under these assumptions, (3) becomes
m+1 (A" Ag o .
Il. SYSTEM MODEL a=——\Z 2 T (4)

In an indoor VLP system, LED transmitters are commonI‘XI A .
- ’ L erey £ 1)hm+1 AR /(2m) is a known constart.
located on the ceiling of a room, and a VLC receiver is Iocateolh v=(m+1) r/(27)
on an ObJeCt on the floor. Based on the S'gnals received fromIt is straightforward to extend the theoretical bounds iis $tudy to the

cases with arbitrary transmitter and receiver orientatiddowever, it is not
1The hybrid RSS/TOA based estimation and the correspondRigBCand ~ performed as the expressions become lengthy and incomeenie
MLE expressions in RF positioning systems [18]-[21] aréedint from those 3The assumption of a known height is required for unambigustisnation
in this study due to the distinct characteristics of theblésiight channel. of distance based on an RSS measurement (cf. (4)).



I1l. CRLBS AND ML ESTIMATORS @ = x, and the Fisher information in (6) can be obtained,
In order to calculate the CRLB, the log-likelihood functiorffom (3), as

corresponding to the received signal model in (1) is spetifie dA(z) 2 Roa\2
as follows [22], [23]: J(z)=E ( > = (L> E 9)
dx oc
1 [T
Ap) =k — 357 / (r(t) — aRp s(t — H?dt  (5) where
Ty T
where ¢ denotes the set of unknown parameters including Ey é/ (s’(t))2 dt (20)
0

x and other nuisance parameters, if any, depending on the

considered scenario (as discussed below), Angpresents with s'(¢) denoting the derivative of(¢) [24], [26]. Based on
a normalizing constant that is a function @fand does not (7) and (9), the CRLB is computed as follows:

depend on the unknown parameter(s). The CRLB is obtained ]

based on the inverse of the Fisher information matrix (FIf) f IE{(:E _ I)2} > (U_c
¢, which can be calculated from the log-likelihood function Ey \ Rpa
in (5) as [24] To provide an alternative expression for the CRLB in (1M),

Jp) =E {(V¢A(¢)) (VLPA(cp))T} ©) in (10) is expressed, via Parseval’s relation, as follow§:[2

_ gy 2 9r 42 > 2 2
whereV,, represents the gradient operator with respecp.to Ey = [m 2 fS(f)"df = 4m [mf ISCHI df
From the FIM in (6), the CRLB on the covariance matrix of

2
> £ CRLBr0A - (11)

any unbiased estimatgs of ¢ can be calculated as follows: = 47r2ﬁ2/ |S(f)|? df = Ax2 By 3 (12)
N - T -1 e
E{(g-0)@-¢)'} = I(p) ) where S(f) denotes the Fourier transform sft),
where A > B means thatd — B is positive semidefinite [24]. oo T,
In the following, the CRLBs and MLEs are derived for Es é/ |S(H) df :/ (s(t))” dt (13)
different cases. - 0

andg is the effective bandwidth of(¢) defined as
A. Case 1: Synchronous System

2 R A 2

Firstly, the following assumptions are consideréd): the P E, /_oo SISU)dr - (14)
LED transmitter and the VLC receiver are synchronized,(i.gzo, (12), (11) can be stated as
A = 0 in (2)) and (i¢) the relation of channel attenuation ) s
factor o to distancex is unknown; i.e., a relation as in - 2 o-c¢ a
(4) is not available. The latter is a common assumption in B{(F - )"} > 412 R2 o2 By 32 = CRLBroa. (15)
RF based distance estimation systems (e.g., [25]) since W?s noted that the CRLB in (15) is equivalent to that in
channel coefficient fluctuates significantly due to multipat

. T ) eqn. (5) of [6] foro? = Ny/2. Hence, the CRLB expression
effects (fad'ng)' However, in visible light systems, thea_nh resented in [6] corresponds to a synchronous system irhwhic
nel attenuation factor can accurately be related to distan

X . . . . channel attenuation factaris known by the VLC receiver
especially in LOS scenarios, and this relation can be usgﬁi y

to improve the accuracy of distance estimation, as will the relation ofx to distancer is unknown. Since only the
) Imp accuracy ¢ T I t}ﬁﬂne delay information is employed to estimate the distance
discussed later in this section. The main aims behind stigdyi

distance estimation in the absence of the relation betvzmeenthis scenario is referred to %A based distance estimation
When the channel attenuation facter, is unknown, the

of this relation, and to investigate the previous resultshia ERLB can be expressed for this scenario as in the following
literature [6].

In the presence of synchronization and in the absence o{
relation between the channel attenuation factor and distan
the ML estimator [24] can be obtained from (5) as follows:

Lemma 1 [21]: When the channel attenuation factarin
13 is unknown, the CRLB for TOA based distance estimation
is given by

E oc
-1 [T S 21 > 2
jML,TOA = arg max F/ (T(t) — aRp s(t — 7-))2 dt E{(l‘ ,T) } = E By — Eg? (Rpa) (16)
@ i
T . where E; is as in(10), F, is given by(13), and
= arg max / r(t)s(t — —)dt (8)
T T (&

T,
B 2 / S (B)s(t)dt = 0.5 (3(T) — $2(0)) . (17)

where the final expression is obtained due to the facts that 0
a > 0 and the TOA parameter in (2) becomes= z/c for a Proof: Please see Appendix A.
synchronous system. As expected, the CRLB in (16) is larger than or equal to the

For the CRLB derivation in this scenario, it is first assume@RLB in (11) due to the presence of an additional unknown
that the channel attenuation factaris known by the VLC parameter. It is also observed that the CRLBs become equal
receiver. Then, the unknown parameter vector in (5) becomeken E5 in (17) is equal to zero. Therefore, fdts = 0,



the CRLB in [6] also corresponds to a synchronous systemThe condition in Proposition 1 commonly holds in practice
in which the channel attenuation facteris unknown and the since x/c is very small (on the order ot0~® for indoor
relation of« to distancer is unavailable. scenarios) and/oFs is zero for many practical pulses [6].
Secondly, the following assumptions are conside(édthe Hence, the utilization of the relation in (4) is useful for-im
LED transmitter and the VLC receiver are synchronized,(i.roving the accuracy of distance estimation. From a praltic
A = 0in (2)) and(i%) the relation between channel attenuatiopoint of view, this implies that instead of estimating (leiag)
factor o and distancer is known, which is as stated in (4).the value of« first and then using that estimate in the TOA
The second assumption is practical for VLP systems sinbased distance estimation, a more efficient approach is to
the channel attenuation factor can be specified accuragedy aestimate the distance directly based on the model in (1)4)nd (

function of distance in LOS visible light channels. since the information inv related to distance is effectively
In this scenario, the ML estimator can be obtained from (2itilized in that scenario. In other words, in the presence of
with A = 0, (4), and (5) as follow$: the relation between the channel attenuation factor and the
T distance, information in both the channel attenuatiorofeahd
EML hyb = argmax x—m—3/ r(t)s(t _ E)dt the time delay parameter are utilized for distance estonati
z ! ¢ Hence, this scenario correspondshgbrid TOA/RSS based
—0.5vR, 2 2™ OF, . (18) distance estimatioas the channel attenuation factor is related

to RSS.
Compared to the MLE in (8), the MLE in (18) also exploits pemark 1: To illustrate the improvements that can be
the relation of the chan?el attenéjatl(gn factor with theaulise, 5 chieved by utilizing the relation betweerandz, the relation
as noted from the:™™~* andz==""" terms. in (25) can be considered foFs5 = 0, which becomes
Based on (2) withA = 0 and the relation in (4), the 1+ c2(m +3)2 B, /(Ey2?). From (12), this expression can be
unknown parameter vector in (5) becomes= z. Then, from  i5iaq ad +c2(m+3)? /(472 42%22). Hence, for typical system
(4)-(6), the Fisher information can be calculated as parameters, the CRLB for the TOA based distance estimation
R,y 2 is significantly larger than the CRLB for the hybrid TOA/RSS
J(z) = < . ) hi(z) (19) based distance estimation fgr < ¢/z, and they become
comparable for high effective bandwidths (on the order of
with 100 MHz or higher). As an example, for = 10m., m = 1,
. 22 andg = 1 MHz, 1+ c¢*(m +3)?/(47?3?2?) = 365.76, which
hi(x) £ (m+ 3)*Ey +2(m + 3)-Fs+ 5E1 (200 means that the lower limit on the root MSEs (RMSEs) of

h d . b d unbiased estimators i$9.125 times smaller for the hybrid
where 171, E», and £ are given by (10), (13), and (17),1oa/Rss based distance estimation than that for the TOA

respectively. From (7) and (19), the CRLB is computed 35,504 distance estimation. On the other hand, when:
follows: 100 MHz, 1 + ¢2(m + 3)%/(4n?3%2?) = 1.0365 is obtained,

O'.Tm+4

1 ormt4\ 2 leading to comparable CRLBs.
E{(z —z)?} > ~——— ) £ CRLByyy. 21
(@2 5 () oo (2D
The comparison between the CRLBs in (11) and (21) Ps Cas_e 2 Asyr_lchronous System )
provided in the following proposition: In this case, it is assumed the channel attenuation factor
Proposition 1: The CRLB in(21) is smaller than that in @ and distancer are related as in (4). However, the LED
(11) if and only if transmitter and the VLC receiver are not synchronized; that
is, A in (2) is unknown. Hence, the delay parameten (1)
(m + 3)E; + 2_5”E3 ~>0. (22) and (2)is modeled as an unknown parameter, and the vector of
¢ unknown parameters in (5) is specified &y= (x, 7). Then,
Proof: First, the CRLB in (21) is expressed based on (4) dse ML estimator can be expressed based on (5) as follows:
S A s [ royste -
Ef(:— >_- (2= 23 T 7SS:argmaxx7m7/ r(t)s(t — 7)dt
{(.T :E) } - Cth(SC) (RpOé) ( ) MR (z,T) T
Then, the ratio of the CRLB in (11) to the CRLB in (23) is —0.5vR, 2> O K, (26)
given by which can be re-stated as
2 2 2 2 ~
c*hy(z) _c (m+3)?Ey +2(m+ 3)acE; + 2 Ey (24)  dupmss — argmax & 3G, — 0.57Ry x2S E, (27)
E1I2 E1.§C2 x
2 2
14 (m+3)*Es +2(m + 3)xcEs (25) where
E1I2 " o T>
where the relation in (20) is employed. Singg, E,, m, c, Crs = max /T1 r()s(t = 7)dt . (28)
and x are positive by definition, the second term in (25) i , .
positive if and only if the condition in (22) holds. | The solution of (27) can be obtained als
N ’}/RPEQ m+3
4The meaning of subscrigiyb (hybrid) will be clear towards the end of LTML,RSS — = (29)
this section. Crs



under the assumption that. is positive. It is noted that in distance estimation is much more accurate than the TOA
the ML estimator in (26), the value af is estimated as the based distance estimation.
one that maximizes the correlation between the transmitteds The TOA based distance estimation is more accurate than
and received signals, as shown in (28). Then, that estirsate i the RSS based distance estimation when> (m +
employed in the ML estimator, leading to the expression in  3)c/(27x). As an example, forn = 1 andx = 5m,
(27). the effective bandwidth should satisfyy> 38.2 MHz for
Since the TOA parameter cannot be related to distance in the TOA based distance estimation to be more accurate.
this case due to asynchronism (see (2)), the distance éstima « When 3 is on the order ofm + 3)c/(2rz), the hybrid
relies on the RSS information via (4) in this case, which is TOA/RSS based distance estimation can provide non-

therefore referred to aRSS based distance estimation negligible improvements over both the TOA based and
The CRLB for the RSS based distance estimation is given the RSS based distance estimation. Wi¥en- ¢/, the

by the following lemma. CRLBs for the TOA based and hybrid TOA/RSS based
Lemma 2: For the signal model in(1), where the delay distance estimation get very close.

parameter is unknown and the channel attenuation factor is

given by(4), the CRLB for distance estimation is expressed asReémark 2: Proposition 2 provides comparisons among
different approaches based on the CRLBs (i.e., the distance

E ox 2 timation accuracy). On the other hand, with respect to
L2 s 1 2 estimati Y). , p
E{(x z) } ~ E\E, — E? (aRp(m + 3)) CRLBrss implementation complexity, the RSS based distance estmat
(30) has an important practical advantage over the other aplpesac
: as it does not require synchronization between the clocks
where E, Fj, and B are given by(10), (13) and (17). 40" ED transmitter and the VLC receiver. Therefore, if
respectively. the RSS based distance estimation can provide the required
Proof: Please see Appendix B. P q

It is noted that the CRLB expression in Lemma 2 Covellgvel of accuracy for an application, it can be the preferred

. : 7 approach. However, in some scenarios (e.g.,Jor c¢/x), a
It::aEt?]I;‘ [7] as a special case fdf; =0 (please see eqn. (15)synchronized system design may be required for achieviag th

In the following proposition, the CRLB in Lemma 2 isde5|red accuracy level for distance estlmatlc?n. | |
compared to those corresponding to the TOA based and hybridRemark 3: Based on the CRLB expressions obtained in

TOA/RSS based distance estimation. this section, the effects of various parameters on the nangi
Proposition 2:For E5 = 0, the ratios of the CRLB i§30) accuracy can be analyzed. For example, the shape of the trans
to that in (21) and to that in(11) are expressed as mitted signals(¢) can have different effects in the synchronous
909 9 and asynchronous cases. For synchronous systems, the CRLB
CRLBrss _ A’ e _ 1 CRLBgss (31) depends on the pulse shape via fhieparameter (equivalently,
CRLBy, c2(m +3)? CRLBT0A the effective bandwidth parametgrin (12)). In particular,
Proof: For 5 = 0, the CRLB in (21) (equivalently, (23)) for signals with largerE; (equivalently, largers), the TOA
becomes based CRLB in (15) and the hybrid TOA/RSS based CRLB
5 in (20) and (21) get smaller; i.e., the accuracy improves.
IE{(:% _ :v)2} > 1 ( ox ) . (32) On the other hand, for asynchronous systems, the RSS based
(m+3)2Ey 4+ Ei(z/c)? \ Rpa CRLB in (30) does not depend on the pulse shape parameter,

Then, the ratio of the CRLB in (30) fof; = 0 to the .El' when E3 = 0, which is cqmmonly the case. As another
CRLB in (32) is obtained as+ £ 22 /(Eac?(m+3)2), which important parameter, the_ height, can affect_ the accuracy _
becomes equal to the central expression in (31) based on (Pj)rangmg systems. For instance, if the height parameter is

In addition, the ratio of the CRLB in (30) foE; = 0 to the inCreased while the irradiation angleand the incidence angle
CRLB in (’11) is given byE, 22 /(Exc2(m + 3)2), which is 0 are unchanged, the distance between the LED transmitter

equal to4r23222/(c2(m + 3)?) due to (12), leading to the and the VLC receiver increases. Then, it can be observed
second equality in (31). ’ m from (3) that the channel attenuation factoreduces (i.e., the

Based on Proposition 2, the following conclusions are madgceived power decreases) since the distance gets larder an
the other parameters are fixed. Hence, based on (15), (21), an

» The CRLB for the RSS based distance estimation 0), all the CRLBs increase; that is, the accuracy degrades
very close to the CRLB for the hybrid TOA/RSS baseél)g ! . y ’ -curacy deg
n the other hand, if the height parameter is increased from

distance estimation for practical indoor positioning SYS- 1o 7, while the horizontal distancd® between the LED

tems _Whe_nﬁ < c/u. S_lncex IS Ies_s thanl0 meters transmitter and the VLC receiver is kept the same, the acgura
in typical indoor scenarios, an effective bandwidth Iowecran increase. decrease. or stav the same depending on the
than aboutl MHz results in approximately equal CRLBs = ' Y P g

(cf. Remark 1). In such a case, the distance related inf(iarametersh, h, D, andm, which can be analyzed based on

r-
mation gathered from the time delay parameter becom 4&' (15), (21), and (30).
negligible compared to the information gathered from the
channel attenuation factor (equivalently, RSS).

. Forg <« c/x, the CRLB for the RSS based distance 5For the _hybrid_T_OA/RSS based scenario, if the informatian!'rfrthg TOA
. . ! ianifi tlv lower than the CRLB for thénarameter is negllglple compared to that from the RSS pasar(iee., |fﬂ <
estimation Is significantly ¢/x), then the hybrid TOA/RSS based CRLB does not change signific

TOA based distance estimation; that is, the RSS baseith the pulse shape; or j).



IV. EFFECTS OFSAMPLING AND MODIFIED HYBRID
ESTIMATOR

It is noted from the MLEs in (8), (18), and (26) that
the correlator outputs (i.e., thgfff r(t)s(t — x/c)dt and

fTTf r(t)s(t — 7)dt terms) should be evaluated for all possibli
distance (delay) values to obtain the ML distance estimatt
However, in practical systems, it is costly and power cot
suming to obtain samples of correlator outputs (equivilent
matched filter outputs) at very high rates [27]. Therefor
it is important to investigate the effects of sampling rat
limitations on the MSE performance of the MLEs. In thi¢
section, asymptotical analyses are performed (as the nc
variance goes to zero) in order to quantify the effects of
sampling. Fig. 1. Normalized autocorrelation function in (33) feft) in (50) with
Suppose that the correlator outputs are sampled at integier 0.1 ms, f. = 100kHz, andA = 0.1.
multiples of Ty, seconds, wheré&y,,, denotes the sampling
period. Also, the normalized autocorrelation function ighsl

p(v)

0
-100 -80 -60 -40 -20 -11 20 40 60 80 100
L (ps)

s(t) is defined as wherer = z/c + A denotes the time delay as stated in (2),
- and the assumption in the lemma is employed to obtain the
p(v) £ L/ s(t)s(t —v)dt. (33) final expression. Then, the RSS based ML estimator in (29)
Ea J o becomes

In the following lemma, the asymptotic performance of the s

TOA based and the RSS based ML distance estimation is;, ;1 po = Ry E

specified in the presence of sampling rate limitations. " Ry Eyp(T — Tympround(7/Tymp) )

Lemma 3: Suppose thatp(v) > p(c), Yv € (39)

[—0.5Tsmp, 0.5T5mp] @and Vs & [—0.5Tgmp, 0.5Tsmp]. Then, in
the absence of noise (that is, fer= 0) and for a sampling
period of 1., the MSE of the TOA based MLE(@8) is given AMLRSS = i . (40)

1

by (p(T = Tampround(7/Tsmp))) ™2

which can be expressed via (4) as

(35). [
The assumption in Lemma 3 commonly holds in practice

for a sufficiently small Tyy,,. For example,p(v) in (33)

)))m_jgf corresponding tos(¢) in (50) is presented in Fig. 1 for

2 From (40), the (mean) squared error can be obtained as in
MSET1oa = (a: — ¢Tsmp round ( )) (34)

and the MSE of the RSS based MLE29) is expressed as

MSERss = 22 (1 - (p (T — Tymp round (

Clsmp

T, = 0.1ms, f. = 100kHz, and A = 0.1. It is observed
that the assumption in Lemma 3 holds ff,, < 1 us; that
(35) is, when the sampling rate is higher thaMHz. It should be

wherez is the distance between the LED transmitter and theoted that high sampling rates are already required forrateu
VLC receiverr = z/c+ A as stated in(2), p(-) is as defined distance estimation; hence, the assumption is Lemma 3 is
in (33), andround(y) represents the closest integer go realistic for most practical applications. _
Proof: The expression in (34) simply follows from (8) based From Lemma 3, it is deduced that the TOA based MLE is
on (1) without noise. In particular, for a sampling period oflirectly affected from the mismatches between the sampling

smp

Tump and foro = 0, (8) becomes time instant and the true delay of the incoming signal wherea
T the effects on the RSS based MLE is through the sensitivity
FML.TOA = argmax aRpEgp(m) (36) of the normalized autocorrelation functiop(v), to timing
icTamp ¢ mismatches. For example 4fv) does not change significantly

where i is an integer, z denotes the true distancefor v € [—0.5Tump,0.5Tump], then effects of the sampling

and p(-) is as in (33). Under the assumption in théate can become negligible for the RSS based MLE. Also, it

lemma, the autocorrelation term in (36) is maximized fdf noted from (34) and (35) that, depending on the value of

i = round(z/(cTimp)). Hence, the ML estimate becomedlistancer and the time delay, the maximum squared error due

imr.roa = Tampround(z/(cTump)) and the (mean) squaredt© sa}mpllr)g is equal t€0.5¢Tymp)? for the TOA based MLE

error is obtained as in (34). and it is given byz? (1 — (p(0.5T4mp)) ~/ ("*3))2 for the RSS
For the RSS based ML estimator in (29),, in (28) can based MLE.

be calculated, for a Samp"ng period mmp and foro = 0, For the asymptotic performance of the hybrld TOA/RSS
as based MLE, the following lemma is presented.

. Lemma 4:Define the following function
Crs = max aRpEgp(T — z'Tsmp) (37)

©Tsmp r—u

= aRyBap(7 = Tompround(7/Top)) — (38) 9o (1) = <uw>"”‘3p( c

) —05u"2m"%  (41)



wherez denotes the distance between the LED transmitter a x10
the VLC receiver ang is as in (33). Assume thay, (u) > ‘
9z(v), Yu € [x,2 + cTymp] and Vo > z + cTymp, and that 1t
gz (u) > g2(v), Yu € [z — cTymp, 2] aNd Vv < z — cTgmp. In
addition, define;; and iy as

N x N x = 7Y
S £ 42 =
" {CTsmp J e [CTsmp —‘ (42) 7 2}

where|y| denotes the largest integer smaller than or equal t
y and [y | represents the smallest integer larger than or equi
to y. Then, the MSE of the hybrid TOA/RSS based MLE -4t
(18) is expressed as

2 4 6 8 10 12 14 16 18 20

MSEny1, = (:c — %CTsmp)2 (43) u(m)
where Fig. 2. Functiong, (u) in (41) for s(t) in (50), wherez = 5m, T = 0.1 ms,
P argmax g, (iCTsmp) _ (44) fe = 100kHz, andA = 0.1.
i€{i1,iz}
Proof: In the absence of noise(/) in (1) becomes(t) = for a sampling period off.,, = 1ns, the absolute error

aRys(t — x/c) for a synchronized system, whereis the jnduced by sampling can be as highldscm. Hence, the ac-
distance between the LED transmitter and the VLC receiv@yracy limits promised by the CRLBs may not be achievable.
Replacing the dummy variable in (18) with u, and then T4 gjleviate this problem, a modified version of the hybrid
insertingr(¢) = aR,s(t —x/c), the objective function for the ToA/RSS based ML estimator is proposed in this section. The
hybrid TOA/RSS based MLE in (18) can be expressed as mogified hybrid TOA/RSS based estimagimplemented in

o r—u ot two steps:

u " aR, Eap (T) — 0.57Ryu By (45) (i) Obtain the hybrid TOA/RSS based ML estimatgr, iy,

o from (18).
wherep is given by (33). Based on (4), (45) can be expressed(ii) Calculate the final distance estimate as
as
1
—-m—3 _.—m— r—u —2m— e
YRy Es <u 3z 3p( . > —0.5u"2 6) Frmodi—hyb = < — Ry En ) . (48)
’ 2 r(t)s(t — jML,hyb/C)dt

2 YRy Faga(u) (46) n

where the equality follows from (41). For a sampling perio he main intuition behind the modified hybrid TOA/RSS

of Tsmp, the hybrid TOA/RSS based ML estimator in (18) can ased e_stmatqr IS as follows: When the eSt_"'@lm“’h-‘/b
in (18) is obtained in the presence of sampling errors, the
be stated based on (46) as

correlator termeTI2 r(t)s(t — z/c)dt in (18) can be evaluated
IML,hyb = argmax YR, E2gq (icTsmp) - (47) for z = Zmwuyp and then the distance estimate can be
icTsmp obtained with higher resolution by calculating the maxieniz

Under the assumptions in the lemma abgut-), the MLE .0ffm73.]g2 (t)s(t—2mLnyb/c)dt—0.5vR, x~ 2™ O E; as
in (47) becomes equal to eithercTu, or ia¢Timp, where in (48) (similar to (29)).
i1 andiy are as in (42). g, (i1¢Tsmp) > g (i2¢Tsmp), then Under the conditions in Lemma 4, the MSE of the modified
EMLhyb = 11¢Tsmp; Otherwise, iy nyb = i2cTemp. Hence, hybrid TOA/RSS based estimator in (48) can be expressed in
the (mean) squared error can expressed as in (43) and(44e absence of noise and for a sampling period'gf, as
It can be shown thag, (u) in (41) achieves the maximum s
value atu = z. Hence, the assumption in Lemma 4 is valid 9 4 w3
for practical scenarios for a sufficiently small,,, and as M5B = & (1 a (p (7 = Tomp) ) ) (49)
long as the normalized autocorrelation functipf(z — u)/c), R
does not change rapidly compareduto™ 3. In Fig. 2,¢,(u) where: is as in (44). It is noted from (49) that, similar to
is presented for(t) in (50), wherex = 5m, Ty, = 0.1 ms, the RSS based MLE, the modified hybrid TOA/RSS based
f. =100kHz, andA = 0.1. It is observed that the assumptiorestimator is affected from the sampling induced errorsttho
in Lemma 4 holds for all values dfy,,, in this case. the normalized autocorrelation function, and it is subjeca
Lemma 4 indicates that, similar to the TOA based MLEnaximum squared error of?(1 — (p(0.5T4y,,)) "/ (m+3))2
the hybrid TOA/RSS based MLE is directly affected from theue to sampling. Hence, when the normalized autocorrelatio
mismatches between the sampling time instant and the tfuaction is not very sensitive to timing mismatches, the mod
delay of the incoming signal, and it is subject to a maximurfied hybrid TOA/RSS based estimator can have robustness
squared error 0f0.5¢Tsmp)? due to sampling. against the effects of sampling.
For high distance estimation accuracy, the maximum abso-
lute error of0.5¢Tsm;, Can be quite undesirable. For example, 8The derivation is not presented as it is similar to that in bearS.
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Fig. 3. CRLB versus source optical power for TOA based, ltyBiOA/RSS

based, and RSS based approaches, whete5m. andT, — 0.01s. Fig. 4. CRLB versusf. for TOA based, hybrid TOA/RSS based, and RSS

based approaches, where= 5m. andA = 0.1.

V. NUMERICAL RESULTS This is due to the fact that RSS information is related to the

In this section, numerical examples are presented to ierergy of the signal but does not change with the other signal
vestigate the theoretical limits and the MLEs for differentharacteristics, which can be observed from (30) in Lemma 2
approaches. A system model similar to that in [6] is consider E3 = 0; that is, CRLBgrss = o°2?/(E2a®R2(m + 3)?).
ered. Namely, the Lambertian order is takenmas= 1, h  Another observation from Fig. 3 is that the TOA based distanc
in (4) is set to2.5 meters, and the responsivity of the photestimation has significantly higher CRLBs than the other
detector is given byR, = 0.4mA/mW. In addition, the area approaches for relatively low center frequencies, for Wwhic
Apg of the photo detector at the VLC receiver is equal tthe RSS based and hybrid TOA/RSS based approaches achieve
1cm?, and the spectral density level of the noise is set ®@imost the same accuracy (as the distance related infamati
0% = 1.336 x 10~22 W/Hz based on the employed parametemsbtained from the TOA parameter becomes negligible). On
in [6].7 Signals(t) in (1) is modeled as follows [6]: the other hand, the TOA based distance estimation achieves

5 lower CRLBs than the RSS based approach for high center

s(t)=A (1 _Cos( ”t)) (1 + cos(2m fe.t)) (50) frequencies; e.g.f. = 180MHz [28], [29]. In that case,

T the information obtained from the TOA parameter becomes
for ¢ € [0,7,], where f. is the center frequency, and more significant than that extracted from the RSS parameter
corresponds to the average emitted optical power (i.er,ceou(Channel attenuation factor), and the TOA based and hybrid
optical power). Forf. > 1/T,, it can be shown that the TOA/RSS based approaches have almost the same perfor-

electrical energy ofs(t) defined in (13) and the effective Mance. _AII these_ _observations are in accordance with the
bandwidth ofs(¢) specified by (14) can be approximated atelation in Proposition 2.

By = 94T, /4 and 3 = £./v/3, respectively [6]. In addition In order to provide further insights, the theoretical lisnit

parameter®; in (17) is obtained agZ; = 0 for the signal in &'€ plotted versug, in Fig. 4 for the TOA based, hybrid
(50). TOA/RSS based, and RSS based approaches, wheré m.

First. the CRLBs are calculated faF. — 0.01s. when the and A = 0.1. It is observed that the accuracy of the TOA

distance between the LED transmitter and the VLC receiver_k?ésed dista_nce estimation improves vyf_thsinceEl in (12).
given byz = 5m. In Fig. 3, the CRLBSs are plotted versus thd1créases withy.. Also, .there.z exists a-cr|t|cal frequency, whlch
source optical power for the TOA based, hybrid TOA/RSS 'S equal to66.16 MHz in th|s_sce_nar|o, a_fter (before) Wh!Ch
based, and RSS based approaches considering different &35 TOA based distance estimation achlevgs a lower (higher)
ter frequencies. As expected, the hybrid TOA/RSS approa; RLB than the RSS based approach. It IS also noteq Fhat
achieves the minimum CRLB in all cases since it utilizeS'® hybrid TOA/RSS based approach provides nonnegligible
information from both the time delay and channel attenuatidMProvements over both .the TOA based and RSS based
factor. It is also noted that the performance of the RSS bagdProaches around that critical frequency.

distance estimation does not depend on the center freq.uenc;’/\I?Xt’ the CRLBs are plotted Versus the signal durafign
in"Fig. 5 for the TOA based, hybrid TOA/RSS based, and

"From (18) in [6],02 = qRppn ARAN, Whereg denotes the charge on an RSS based ap_proaCheS’ W_her& 5m. andA4 = 0.1. As the
electron,p, = 5.8x 10~ W/cm?.nm is the background spectral iradiance,signal energy increases with, (note thatFs = 9A%T,/4),
y
and A\ = 360nm is the bandwidth of the optical filter in front of the {he performance of distance estimation improves With as
hotodiode. (It should be noted that the results in the previsections are . . L.
P ( P expected. As in Fig. 3, it is observed that the TOA based

valid for a generic zero-mean Gaussian noise componentiwdan consist 7 ) ) ) a
of any types of noise such as shot noise and thermal noise.) distance estimation achieves lower (higher) CRLBs than RSS
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Fig. 5. CRLB versusl’s for TOA based, hybrid TOA/RSS based, and RS

based approaches, where= 5m. and A — 0.1. %ig. 7. RMSEs of the MLEs and the CRLBs for different appras;hwhere

z=>5m., Ts =0.1ms. fo = 1MHz, andTsmp = 1ns.

10 T T

— o TOABased, =1 MHz [} This is due to fact that the CRLB (in meters) increases with
— o TOA Based, f =75 MHz x™+4 for the RSS based approach whereas it increases with
— < TOA Based, f =180 MHz ™13 for the TOA based approach, as can be deduced from
10’1M —+— RSS Based f (4), (11), and (30).
: —e— Hybrid, ;=1 MHz It should be emphasized that although the comparisons
2 —— Hybrid, f =75 MHz in Figs. 3-6 are based on the CRLBs (i.e., the distance
= 102k —+— Hybrid, f=180MHz | | estimation accuracy), implementation complexity shoub a
?) ’ N e be considered for practical applications. As stated in Rkr2a

the RSS based distance estimation has an important piactica
advantage over the other approaches since it does not eequir
synchronization between the clocks of the LED transmitter
and the VLC receiver. Hence, if the RSS based distance
estimation can provide the required level of accuracy for an
10" : . : application, it can be the preferred approach. Otherwise, a

3 35 4 4.5 5 . . . . .

X (m) synchronized system design may be required for achieving

the desired accuracy level for distance estimation.

Finally, the MLEs in Sections Ill and IV are implemented
and compared for a scenario with= 5m., T, = 0.1 ms,
fe = 1MHz, A = 0 (see (2)), andTyn, = 1ns. In
Fig. 7, the RMSEs of the TOA based MLE in (8), the hybrid
based distance estimation for higher (lower) center fraquelfOA/RSS based MLE in (18), the RSS based MLE in (29),
cies. Itis also noted that for the RSS based distance esimatand the modified hybrid TOA/RSS based estimator in (48)
to achieve a CRLB ofl cm, the signal duration should beare illustrated along with the CRLHBsAs expected from
around6 ms. On the other hand, shorter signal durations caélme analysis in Section IV, the TOA based MLE and the
be employed by the TOA based and hybrid TOA/RSS bashgbrid TOA/RSS based MLE are directly affected by the
approaches for high center frequencies (&g 0.6—0.7ms. sampling rate limitation and their RMSEs converge towards
for f. = 180 MHz.). 0.1 m. in accordance with (34) and (43). On the other hand, the

In Fig. 6, the CRLBs are plotted versus the distanasymptotic RMSEs of the RSS based MLE and the modified
z between the LED transmitter and the VLC receiver fonybrid TOA/RSS based estimator are calculated from (35)
fe = 1MHz, f. = 75MHz, and f. = 180MHz, where and (49) as9.14 x 10~"m., which is outside the practical
T, = 0.01s. andA = 0.1. It is intuitive that the estimation accuracy range. Hence, the sampling rate limitation doés no
accuracy degrades (i.e., the CRLBs increase) as the déstahave any significant effects on these estimators in thissstzn
gets larger. This intuitive observation is also verified bg t It is also noted that the modified hybrid TOA/RSS based
expressions in (11), (21), and (30) via the relations in () a estimator converges to the CRLB faster than the RSS based
(20). Also, it is noted from Fig. 6 that in some cases (e.g., fo

. . . 8 . . .
— MH2z) the RSS based distance estimation can have The search space for possible distance values is séi, 0] m. for
fe I3 ) al?the estimators. Therefore, the MLEs in Fig. 7 can also tresidlered as

|Qwer CRLBs thaq the TO_A b_ased approach up to a_cert%ximum a-posteriori probability (MAP) estimators [24} fa uniform prior
distance and then it results in higher CRLBs after that dista distribution ofz over [0, 100] m.

Fig. 6. CRLB versus distance for TOA based, hybrid TOA/RSS based, and
RSS based approaches, whé&te= 0.01s. andA = 0.1.
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the VLC receiver. For sufficiently high signal-to-noiseioat
(SNRs) (which is commonly the case in LOS visible light
channels), the ML estimate for the distance between the VLC
receiver and théth LED transmitter can be stated as

(51)

Ti=mit+G

fori=1,..., N, where the noise components. ..,y are
independenty; = ||l — I3, ]|2, andg; is modeled as a zero-
mean Gaussian random variable with a variance that is equal
to CRLB;, i.e., the CRLB for estimating:; based on the
received signal coming from théh LED transmitter [24],
[30]. In other words, at high SNRs, the ML estimate for the
distance is modeled by a Gaussian random variable with a
mean that is equal to the true distance and a variance that is
equal to the CRLB [24], [30]. It is noted that the results in
Section Il specifyCRLB; for various estimation approaches
(TOA based, RSS based, and TOA/RSS based).

The CRLB for estimating the positiod, of the VLC
receiver based ofy, ...,y can be expressed as [24]

E{|[l, — L[]} > trace{J(lr)_l}

MLE, and achieves the best performance for all power leveidiere J(I,) denotes the FIM related tb. (cf. (6)). Since

of interest. In addition, the hybrid TOA/RSS based MLE hafe height of the VLC receiver is assumed to be known
lower CRLBs than the TOA based MLE since it utilizes botkcf. Section II), the aim is to estimate the first two elements
the time delay and RSS information. In Fig. 8, the RMSEs &f -; thatis,/,; andl, ,. Hence, based on (6), the FIM can
the MLEs are plotted versug,,,, in the absence of noise toPe specified for the model in (51) as follows:
investigate the effects of the sampling period, wheee 5 m., N N

Fig. 8. RMSEs of the MLEs for different approaches in the abseof noise,
wherez =5m., Ts = 0.1 ms., andf. = 1 MHz.

(52)

T, = 0.1ms, f = 1MHz, and A = 0. In the figure, [J(1,)];; = M’ J()]ae = (lt#_ln?)z’
the sampling period,,,, is incremented with a step size of[ (b ; CRLB; o ke ; CRLB; z}
10~!2s. It is observed that the RMSEs of the MLEs fluctuate N (Ut — 1) (lbss — o)

as Tmp changes, which is due to the fact that the RMSEI(L,)]1p = [J(I,)]ar = »  ~—mied 12
converges towards zero as the distancegets close to an i—1 CRLB; ;

integer multiple ofcT,,, (wherec is the speed of light). This then the CRLB in (52) is calculated as
observation can also be verified based on (34), (35), (48), an

(49). In addition, Fig. 8 indicates that the local averagés o _ . 5 N 1 N (lg,1 —1p1)?

the RMSEs reduce in general as the sampling rate increabgdlr — I} = Z CRLB, Z “CRLB, 22

(i.e., asTynp, decreases). Furthermore, the asymptotic RMSEs =1 ' =1 o

of the modified hybrid TOA/RSS based MLE and the RSS X (1, 5 —1I,.,)? N U =)o — o)\
based MLE are observed to be outside the practical accuraty. "CRLB; 22 (Z CRLB; 2 )

limits whereas those of the TOA based MLE and the hybrid =! =1 (53)
TOA/RSS based MLE are in the range of practical accuracy

limits. Hence, the sampling rate limitation can be cruc@ f From (53), the CRLB for position estimation can be specified
the TOA based MLE and the hybrid TOA/RSS based MLE based on the CRLBs for estimating the distances between the
VLC receiver and a number of LED transmitters. Therefore,
the results related to distance estimation in Section bivjate

, . U . 8uidelines for position estimation, as well.
Wireless position estimation is commonly performed in twi

steps. where position related parameters such as dista It is important to note that, in the presence of multiple LED
PS, P P r}f.;gﬁsmitters, the VLC receiver can observe and process the

or angles are estimated in the first step and the positionslI nals from the LED transmitters individually by emplogin
estimated based on those estimated parameters in the se Ra . : s :
iple access techniques such as time division multiptgx

step [27]. Therefore, distance estimation investigatethia I ; .

study can be considered as the first step in a wireless Iaeali%md frequency division multiplexing [12], [14], [31].
tion system. As the accuracy of distance estimation immove

position estimation also gets more accurate in general. To VII. CONCLUDING REMARKS

present a formal relation between position estimation andin this study, theoretical limits and estimators have been
distance estimation accuracy, lgt = [I,1 ;.2 I, 3] denote obtained for both synchronous and asynchronous VLP systems
the location of the VLC receiver, and,,,...,l;,, with andinthe presence and absence of a relation between distanc
l;, = [li;1 U2 L, 3], represent the known locations of theand channel attenuation factor. In particular, the CRLBg an
LED transmitters, which are utilized for the localizatioh oMLEs have been derived for the TOA based, RSS based,

VI. RELATION TO POSITION ESTIMATION
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and hybrid TOA/RSS based distance estimation. Comparisonsere £y, F», and E3 are given by (10), (13), and (17),
among the CRLBs have been provided, and it has been shawapectively. Then, the CRLB on the MSE of any unbiased
that the CRLB for the hybrid TOA/RSS based estimatioastimatori of x is given by the first element of the inverse
converges to that of the TOA based distance estimation fofrthe FIM [24]; that is,

B > c¢/z, and to that of the RSS based distance estimation

~ —1
for 3 < ¢/z. Also, asymptotic results have been obtained E{(¢ - )’} > [J(%Oé) L ) (56)
for the MLEs under sampling rate limitations, and a modified . , i ’
hybrid TOA/RSS based distance estimator has been propodétich can be obtained as in (16) based on (55). u

to perform accurate distance estimation in practical stesa
It has been shown that the RSS based and the modified hytBidProof of Lemma 2

TOA/RSS based distance estimators can provide robustness, . ihe model in (1), when the TOA parameteis modeled
against sampling rate limitations, and the modified hybrigk \,nknown and the channel attenuation factds given by
TOA/RSS based distance estimator achieves the lowest M%E)s the vector of unknown parameters becomes- (z, )

among all the estimators In prapupal scenarios. .. and the log-likelihood function in (5) can be denoted by
As future work, theoretical limits on distance estimatio 2,7). Then, the FIM in (6) becomes

will be considered in the presence of uncertainty about t e(
height of the VLC receiver. In addition, measurements from E { (aA(m,T))z} ]E{aA(m,T) aA(m,T)}
(z,7) =

multiple LED transmitters will be employed to perform hydri v Oz O or
TOA/RSS based estimation in three dimensional VLP systems o E { OA(w,7) 31\(1,7’)} E { (M(LT))Q}

(as outlined below). Another important direction would e t or 22 or

perform an experimental study for evaluating the perforcean (57)

of the MLEs and the tightness of the CRLBs in real-worl _ _

conditions '9 I W q‘he elements ofJ(z,7) in (57) are obtained, after some
In the presence of multiple LED transmitters, the VLdnanlpuIa'uon, as

receiver can process the received signals from the LED (R o7 [(m+3)2Ey/a (m+ 3)Es

transmitters for determining its three dimensional positi J(z,7) = - 7 (m+ 3)E; zE;

If r;(t) denotes the received signal from thta LED trans- (58)

mitter, wherei = 1,..., N, the CRLB expressions and the _

ML estimators should be derived based on the conditionéhere £y, E,, and E3 are given by (10), (13), and (17),

distribution ofr (t), ..., rx(t) given the unknown parametersfespectively. Then, the CRLB on the MSE of any unbiased

which include the location of the VLC receiver and othegstimatori of z is given by the first element of the inverse
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