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From Sources to Fields: Integral Equations
Single-frequency sinsoidal time variation: E(r,t) = Re{E(r)e ™'t}

Homogenious and isotropic medium: (D = €E, B = uH) source
) , r—r
Maxwell’s Eguatmns | __ -3 observation
VXE(r) =iouH(r) S
VX H(r)=—iweE(r) + J(r) » ’
V-H@) =0 >
V-E(r) =p(r)/e
Electric-Field Integral Equation Green’s function of scalar Helmholtz , )
. equation in Cartesian coordinate system Green SFUHC?IOHS,
E(r) = i“)'“j dr'G(r,r'") - J(r") T (r,r') = —elkh_r |
14 G\T ) = e — 1|

Dyadic Green’s function

Magnetic-Field Integral Equation ™~

_ _ Vv

G(r,r') = [I + F] gr,r’)

H(r) = j dr'j(r) x V'g(r, v")
vV

Potential Functions:
Ao

Electric-Field & Magnetic-Field
Integral Equations



Maxwell’s Equations with Magnetic Sources

magnetic current
VXE[)=iwB(r)— M(r) <7 density
VX H(r)=—-iwD(r)+J(r)

V-B(r) = pn(r) S~ magnetic charge

V-D(r) = p(r) density
Duality:

E - H M - —J

H - E J - —M

B - -B pn > —p

D - -D p - —pn

Uniqueness Conditions

The solution will be unique in a volume enclosed by a
surface S if the boundary conditions are specified
such that

1) tangential E field is specified over the whole
surface S, or

2) tangential H field is specified over the whole
surface S, or

3) tangential E field is specified over a part of S, and
tangential H field is specified over the rest of S.

Equivalence Principle

«When two source specifications give the same
solution in a limited region of interest, the two
problems are called equivalent.»

Image Theory

L PEC :
J T fe-m=-o Tl
- Equivalent - >
;F g problem(s) $ i $
M E (in the left half space) i
- ¢ > 1 &«
Huygen’s Principle
E H E.H
S -~ \
I \\
Equivalent
problem(s)
(external to S)
\& =nXxXH
Exn

Boundary Conditions

Jo, M, TEX (E, — E;) = —M;
nxXx (Hl _Hz) =Js




General Formulation of Surface Equivalence Principle

Two original problems:
a) S

€1, U1
E% H?

T

Equivalent Problem:
equivalent to a) externalto S
equivalent to b) internal to S

Is =
i x (H* — HY)

Equivalent Problem:

equivalent to b) external to S
equivalent to a) internalto S

a) S
€3, U3
Js =
Eb gb i x (H? — HY)
S3
1

M; = (E' —E*) x @

Scattering From Dielectric Objects

total field incident field

\E — Finc 4 fsca <— scattered field
H = Hinc + Hsca

€0, Ko

£1))))

E.H

Equivalent
problem

(external to S)

€0, Ko

11 >))>

E.H

Js=nxH
M, =EXxXn

* Scattered fields are due to surface
currents

* Fields should be Maxwellian

* J® and M? are the unknowns and can
be solved with an integral equation



Scattering from PEC Objects

S

€0, Uo

1))

E.H

Equivalent problem l

€0, Ko

E = Eir'lc + Esca(ls)
H = H"¢ + Hsca(ls)

ESCa(r) = iy j dr'Grr') - J.(")
S

HSea(r) = j dr'] () x V'g(r, ')
S

tangential
operator

Electric-Field Integral Equation (EFIE)

_St-E(r)=0,res

P

t-(E™@r)+E““(r))=0,r€S
iwut - f dr'G(r,v") - J.(r') = =t - E™°(r),r €S
< d5Y 9 \ /

unknown known

Magnetic-Field Integral Equation (MFIE)
nxHr)=J,(r), res
i x (H™(r) + H°“(r)) = Js(r), r €S

J(r) — i x f dr'Js(r') x V'g(r,r") =ax H"(r),r€ S
—— s ——

unknown unknown known

Alternative representation with T, K, and I operators:

1000 = ik, ar [x+ 27 Ko7 atrr)
KXY = [, dr'X() x V' g(r,r)
X)) = X(1)

EFIE: nt-TUJ(@) = -t - E™(r),r€ S
' MFIE:J(r) — A X K{J}(@) =i x H"(r),r €S



Hypersingularity in MFIE and its Extraction

MFIE: H5“(r) = j dr'J.(r') x V'g(r,r") Reminder
S

1 r—r

! —
eiklr—']| r—7r'| |r—1r3
:singularatr’ =r
An|lr—r'|

gr,r') =

V'g(r,r") has a higher-order singularity than g itself

S T
@ H*“(r) = lim dr'J,(r'"Y x V'g(r,r") + llm dr'J.(r'"Y x V'g(r,r")
Se20Js-s, -~ , 3e20%Js, -~ J

principle value: HE} limit value: Hif

assuming that the

1 current is continous
As r approaches S, g(r,r') = pm—T /
Js(ro) r—r
LY = lim lim dr'].(r'") xV'g(r,r") = X j dr' ———
llm( ) TL%SG_) ]s( ) g( ) T |1"—1"'|3

4 T = 0,0,z
( ) H3E2(0,0,2) =50 g 27 dgofdp’p’ -----------------------

s e o i r=1z 5
L LN dgoW L0 5 12" dg [ dp! = T =Xx+yy=p'p !
]s(To) _______________________
;%; x2z [ de' f5 dp'p’
n2 2
7o = (0,0,0) e

_ st o ]p =€ _ Js(ro) Xz( z_ _3) Solid Angle
2 V(ph2+z? 2 ezt el Dif ferential: sin6dfd¢
sca ]s(T ) 5 z z\ _Js@o) 4 .
H57(0,0,2) = lim =22 Z(m—g) == Ex2 Total: fozn fon desinfd = 4
for smooth surfaces
I [ Hsca Is (7‘0) e Q"
n general, Hj . (ry) = Xn To
solid angle QO +Q, =4n
04 ol W\
i
More generally, H;%(ry) = J.(ry) x n(ry)

cone



Hypersingularity in MFIE and its Extraction
J<(r) =i x H(r) = i x H5“(r) + i Xx H™(r)

= A x Hif%(r) + i X H3$*(r) + .t x H™(1)

lim

Q:
=1 X <4—7;]s(7‘) X ﬁ) A X HSA(r) + i X H™(r)

\ }
Y
s R) - A@ ]s)— -

—fi x HI"¢ (1) = (f—n - 1) J () + 7 x HE4(r)
Q
>

—AxX H™(r) = —Q—]S(r) + 1 X H 7 (r)

—fix H"™(r) = —f—;ls(r) + n X j dr'J,(r') xV'g(r,r')

Spv

MFIE:

BAC-CAB Rule

ax(bxc)=b(a-c)—c(a-b)

* MFIE works on closed surfaces, not open surfaces.

* IfJo(r) is planar, and if r is on that plane, then the
tangential components of H3{? () are zero.
Example i

ST

. Q
RXHEA() = 0= - X H™ (1) = = 22/,(r)
J<(r) = 27 x H" (1)
N J

Y
Physical Optics

_ — 5 inc
Js(r) =X K{J}(r) =ax H™(r),r €S 7 singularity extraction

Q, N N .
1 )s M X Kpy U }(r) =AXHT(r), T €S



Post Processing
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