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Number of Operations

unknown

Electromagnetics Problem =——) 4. . -x = b
Method of Moments ‘\

known
Memory Complexity: _
O(Nz) + O(N) + O(N) — O(Nz) Iterative Solver
Initial Guess: x
Substitute: A-x — b =1,

Computational Complexity:

Gaussian Elimination 3 —

LU Decomposition O(N~?) r,_1 - |Solver|—» x; »|A-x|— b -1
0(N?)

lterative Solution: O(N?)

Fast solvers: O(N3) - O(N?) - O(N'®) - O(Nlog N)
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Maxwell’s Equations

VXE(rt) = —iB(r,t)

dt
d
VXH(rt) = ED(T' t) +J(r,t)
d
V. -J(rt)=— %p(r, t) <—— Continuity Equation

decreasing charge at a point
creates a current divergence

d
V- (VxE)=-—V-B=0=V -B=0,

dD
|7-(|7><H)=\7-<]+—>=0

dt
WD_ g% v.p-=

where D(r,t =0) = p(r,t =0)=B(r,t=0)=0

VXE(rt)= —%B (r,t) <—— Faraday’s Law
VXxH(rt) =]t + %D(T, t) <—— Ampere’s Law
V-B(r,t) =0 <—— Maghnetic Flux Law

V-D(r,t) = p(r,t) <— Gauss’ Law

E:electric field intensity (%)
H:magnetic field intensity(4)
B:magnetic flux density (Z—f)
D:electric flux density (#)

J: Current density (%)

p: charge density (-55)

Vector Identity:
V-WxA)=0

«The divergence of the curl
of any vector field is zero»

Continuity Equation from Maxwell’s Eq.
V-WxH)=V-(J+%D)=0
>V-J=-2V-D=-%p




Time-Harmonic Maxwell’s Equations
Single-frequency sinsoidal time variation: E(r,t) = Re{E(r)e‘iwt}

Time-derivative of Phasors

VXE(r) =iwB(r) <— Faraday’s Law 7

VX H(r) =—iwD(r) + J(r) <— Ampere’s Law —E(r,t) = Re{—iwE(r)e~i®t)
V- B(T) =0 <— Magnetic Flux Law dt o

V- D(T) = p(r) <— Gauss’ Law P

v ](1") = ia)p(r) <— Continuity Equation

Medium 2

Boundary Conditions

E, H, D, B, E £ =0
X\(L£1—E3)=

X(Hl_Hz) =Js
+(B;—B3) =0
'(Dl_DZ) = Ps
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Sources Creating Fields: Potential Functions
Objective: Find the fields due to J(1r) in a homogenious and isotropic medium.

electric
permittivity magnetic permeability .
v |dentities Helmholtz Theorem
(D =€E,B = uH) ) VxVep=0 «A vector field is determined if

I v- (WxA) =0 both its divergence and its curl are
specified everywhere. »

VXE =iwuH vector magnetic ind
VxH=—iweE + ] potential Reminder
V Del operator: Vo,V - A,V X A
V2 Laplacian operator: V2 =V - Vg
V-(uH) =0=>puH =V XA V2 Vector Laplacian operator: V2A =V - (V-A4) —V x (V x A)

VXE=iwVxA=>VX(E—-iwd) =0
= E—iwd = —VQD S scalar electric

= E =iwA — pr potential
UV xH =V X (V X A) V-E=iwV-A-V-Vp
u(—iweE+])=v-(V-A) - V*A p/e iwuep V2
—iwue(ivA —Ve)+u =V-(V-A)—V?A
VZA+ w?ucA—V(V - A — iwuep) = —uJ V20 + w?uep = —g

Lorentz Gauge: V - A = iwuep
(Coulomb Gauge in static case: V- A = 0)

Non — Homogeneous
Helmholtz's Equations

V2A + w?ued = —yj V2A, + k*Ay, = —J,

Vip+k*p=—=p wavenumber: k = w\/u€



Green’s Function of Helmholtz Equation
Objective: Solve V2\i(r) + k*Y(r) = —8(r — ") everywhere except at 1.

r=0=>y@) =yYk,y,z) =y@,0,p) =) : spherical symmetry around origin.

2 ) + k?(ryp) = 0 = general solution: P = — " + e kT
LW + R =0 g Y= e+ e
-0 > — T Lkr outgoing  incoming
Physically: c, =0=> ¢ = - e b
__________________________________________________________________________________________ ~ ] ~N Z
| Particular solution involving a point source at the origin: substitute Y ! v A
| into the non-homogeneous Helmhotz Equation and integrate boths sides: .
j V2 (r)dr + sz Y(r)dr = —f 5(r)dr S
- g v ALY, '
! 2 ’2 ) Vd’” : source '
: V- dS + 4nk rYdr =-—1 : ) r—r _
 Js 0 i 5(7‘—7'_)___ _ - --31 observation
i —4mr2cy (e kr—lkel:r) + 4mk?c, (ri;kr + e”}‘;—l) =-1 Gauss’ Divergence Law: i r
0o = j\7~Adv=3§A-dsi r >
Y7 4 v s
. _ _ lk|1‘|
Solution: ¢, = = = Y(r) = 4m N Y(r) = 4n|r|
. lk|r /| , _
For any point source located at r', {(r) = m = g(r, ") <— Green’s function

Vip + ko = — gp Helmholtz's Equation for Scalar Electric Potential

lk|1‘ r0| 1

1 1
p(r) = pod(r —10) = ¢(1) = — pojzr= = ZPog (1, 7o) = ;f Pob(r' —1o)g(r,r')dr
%4 Y
p(r)

!/




source Continuity Equation:

Volume Integral Equations 4 V-J(r) = iwp(r)
r—r' Space Derivative:
piklr—r| ) od---- observation V-(gh=Vg-J+gV-]
A(r) = .[ ar'jJ(r'): =1 r Gauss’ Divergence Law:
T > . _ jg
o(r) = = j dr'p(r') 4;k||::|| fv | (9D . 9]
Identity:

Viglr,r') =-Vg(r,1r")
V
E(r) = iwA(r) — Vo(r) = iwp j ar'g(r, T (') — - j dr' g(r, ¥)p(r')
vV 174
= ia)uf dr'g(r,r")J@'") — lf dr'g(r, vV - J(r")
v g iwe J, gr,

J, ar'g, 7V’ -Jj@") = [, dr'v-gr,)J@') - [, dr'V' g, ") - J@")

=& dS g, +J, dr'vg(rr)-J() UnitDved
S I= [0 1 0]
. ! ! ! V ! !/ ! 0 O 1
= lwu dr'g(r,v)J(r") + e dr'Vg(r,r") - J(') Outer Product:
14 4 axb, axb, ayb,
ab = |a,b, a,b, a,b,
unit dyad outer product dyadic Green’s function asz azby aZbZ
\ Dyadic Green’s Function:
y v _ _ ) _ v )
E() = iwp [T+ j dr' g(r, ™) = iwu j G- J@) G =T+ ]9
1% 1%

H(r) = l|7 XA(r) =V X j drig(r,v")J(r") = f dr'vg(r,r’) x J(r") =f dr'J(a") x V'g(r,r")
H 14 14 14



From Sources to Fields: Integral Equations source

r—r
1_---3>1 observation

Electric — Field Integral Equation

r
E(r) = iwp j dr'G(r,v") - J (') T >
%
Magnetic — Field Integral Equation Green’s Functions
, , ’ ’ ’ eik|r—r’|
H) = | ] x 7g(rnr) 9oy =

G(r,1r') = [7 + g] g(r,r")

Potential Functions:

/) A @

Electric-Field & Magnetic-Field
Integral Equations



