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Abstract

In this review paper, we present a framework for the characterization of optimal decision
rules in M-ary hypothesis-testing problems where the performance metric is defined as
a function of pairwise error probabilities. This framework is based on the approaches
developed in several recent studies in the literature, which are unified and presented in
a tutorial fashion in this paper. A pairwise error probability represents the probability
of selecting a specific hypothesis when a different hypothesis is true, and can be stacked
into a pairwise probability vector for a given problem. In the considered framework,
instead of optimizing the performance metric of interest over the infinite-dimensional set
of all possible decision rules, the optimization is performed directly over the compact and
convex set of all achievable pairwise probability vectors. We demonstrate that any pairwise
probability vector within this feasible set can be realized via a randomization of at most
two likelihood ratio quantizers (LRQs) with different sets of parameters. While one of these
LRQs can always be selected as a deterministic LRQ, the other one is possibly a randomized
LRQ, which can be written as a randomization of at most M(M — 1) deterministic LRQs,
with M denoting the number of hypotheses. The main advantage of this framework is
that it allows for the attainment of pairwise probability vectors that do not reside on the
boundary of the feasible set and that are fundamentally inaccessible via LRQs, which are
optimal for classical performance metrics such as the Bayes risk or the Neyman-Pearson
criterion. Furthermore, we show that the characterization of decision rules with the pre-
sented framework is particularly advantageous for performance metrics based on prospect
theory (PT), such as behavioral utility. Specifically, it is demonstrated that the optimal
pairwise probability vector for a PT-based metric is not guaranteed to lie on the boundary
of the feasible set of pairwise probability vectors. This results in suboptimal performance
achieved by LRQs for such performance metrics. On the other hand, the randomized
decision rules characterized in this paper can achieve pairwise probability vectors located
in the interior of the feasible set, thereby yielding optimal performance. Numerical results
corroborate these findings, demonstrating that the decision rules characterized within our
framework yield optimal behavioral utility-based performance scores.

Keywords: decision rule; hypothesis testing; Bayes risk; Neyman-Pearson criterion;
prospect theory
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1. Introduction

In his seminal book [1], H. Vincent Poor characterizes detection and estimation theory
as the study of drawing inferences about a phenomenon of interest (POI) from noisy
observations. This paper focuses primarily on detection problems (also called hypothesis-
testing problems), which involve identifying the true underlying state of the POI. In such
problems, observations whose probability distributions depend on the true state of the POI
are processed by a decision rule, or detector. Traditional performance metrics frequently
employed to evaluate such decision rules include the Bayes risk, the Neyman—Pearson (NP)
criterion, and the minimax criterion. As demonstrated in [1-3], likelihood ratio tests (LRTs)
are proven to be optimal for these classical performance metrics. These classical metrics
rely on the assumption that the decision agent (DA) is rational, much like physical sensors,
which function as rigid, objective measurement devices.

Classical performance metrics may be inadequate in scenarios where human operators
are integrated into detection systems, as human judgment is inherently influenced by
cognitive load, fatigue, and varying risk preferences. This contrasts sharply with the rigid,
objective behavior assumed by classical performance metrics [4-6]. Given that human
operators are increasingly utilized as primary decision-makers in diverse fields, such as
medicine, surveillance, and crowdsourcing [3,7], and that the subjective experiences of
human users are now a central consideration in the design of many modern systems [8-12],
a fundamentally different analytical framework is required. Such a framework must
accommodate the nuances of human participation, moving beyond the traditional models
developed for detection systems comprised solely of physical sensors.

One of the most popular methods to incorporate the effects of a behavioral DA, i.e., a
human, in detection systems is to adopt a performance metric that models human behav-
ioral biases using prospect theory (PT), which is the most frequently used method since it
captures decision-making behaviors of human DAs [13-21]. PT posits that behavioral biases
arise from the inconsistent perception of objective probability and utility values. To model
these perceptions, PT employs a probability weighting function and a utility valuation
function [22-26]. By devising a performance metric that utilizes the perceived probability
and utility values, it is possible to incorporate the effects of human DAs into the detection
system. For example, a PT-based subjective utility function is used as a performance metric
in [13-15,17,18]. The behavioral risk and behavioral utility have been employed as behav-
ioral variants of the classical Bayes risk [16,19,20]. Additionally, a PT-based formulation of
the NP problem was recently proposed in [21].

It has been established that, due to the non-linearity of the probability weighting
function, direct analytical approaches often fail to reveal the structure of optimal detection
rules for PT-based performance metrics. Moreover, it is reported that LRTs or likelihood
ratio quantizers (LRQs), which are the canonical optimal rules for rational performance
metrics, may be suboptimal for PT-based performance metrics [16,19-21]. As a remedy, a
novel approach to characterize the optimal decision rules for any performance metric that
can be expressed as a function of the pairwise error probabilities for M-ary hypothesis testing
was developed in [16,19,20]. In this context, a pairwise error probability vector denotes
the likelihood of selecting a specific hypothesis given that a different hypothesis is true. We
represent these probabilities collectively as a single column vector, referred to throughout
this study as the pairwise probability vector.

In this work, we provide a comprehensive review of the framework that was de-
veloped in our previous works with application to PT-based performance metrics. The
presented framework is built on an indirect approach to characterize the optimal decision
rules. Rather than performing optimization over the infinite-dimensional space of all
possible randomized decision rules, the performance metric is optimized directly over
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the set of all achievable pairwise probability vectors. This shift is justified by the fact that
decision rules influence performance metrics solely through their constituent pairwise error
probabilities. By leveraging the compactness and convexity of this feasible set, the optimal
decision rules can be characterized based on the geometric location of their corresponding
pairwise probability vectors. Specifically, we demonstrate that any element within the set
of all achievable pairwise probability vectors can be realized through a randomization of
two LRQs constructed with different parameter sets. More explicitly, one of these LRQs
can always be chosen as a deterministic LRQ, while the second may be either deterministic
or randomized. In this context, a deterministic LRQ partitions the space of likelihood ratios
into regions where a hypothesis is selected via convex separating hyperplanes. A random-
ized LRQ utilizes randomization only if the observation falls on a separating hyperplane
where multiple hypotheses yield the same weighted cost. Furthermore, any randomized
LRQ can be expressed as a randomization of deterministic LRQs that are constructed
with the same parameter set but favor different hypotheses when an observation lies on
a separating hyperplane. While this approach is particularly well-suited for non-linear
PT-based performance metrics, the proposed method also provides a comprehensive toolkit
for characterizing optimal decision rules for any metric that is a function of pairwise
error probabilities.

In this paper, we also apply the proposed framework to a PT-based performance metric,
namely the behavioral utility. The pairwise probability vectors of LRQs are fundamentally
restricted to the boundary of the set of all achievable pairwise probability vectors. However,
due to the non-linearity of the probability weighting function in PT, the behavioral utility
may be maximized at a point residing in the interior of this feasible set. We demonstrate
that by leveraging the randomized decision rules characterized in our framework, such
interior points of the feasible set can be realized, whereas they remain inaccessible to
standard deterministic LRQs. We corroborate these theoretical findings and demonstrate
the efficacy of the proposed framework through several numerical examples, where the
behavioral utility serves as the performance metric for the decision rules.

In this paper, we focus on the following points:

e  We provide a general framework, which is developed in several papers [16,19,20],
and present a unified approach for the characterization of optimal decision rules for
any performance metric that can be expressed as a function of the pairwise probability
vector. This framework leverages the geometric properties of the set of all achievable
pairwise probability vectors. Specifically, we show that for M-ary hypothesis testing,
any pairwise probability vector can be realized through a randomization of at most
two (possibly randomized) LRQs constructed with different parameter sets.

e We present a method to sweep the set of all achievable pairwise probability vectors for
the binary hypothesis-testing case.

e We apply the unified framework to a PT-based performance metric, namely the behav-
ioral utility, for binary hypothesis-testing problems.

The remainder of this paper is organized as follows. In Section 2, the problem formu-
lation for M-ary hypothesis testing is provided, and optimal decision rules for classical
performance metrics, such as the Bayes risk and the NP criterion, are presented for review
purposes. Section 3 combines the results of several works to form a framework for the
characterization of optimal decision rules. Section 4 applies this framework to the PT-based
performance metric, i.e., behavioral utility. The numerical results are provided in Section 5,
and Section 6 concludes the paper.
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2. Optimal Decision Rules for Classical Performance Metrics

In detection problems, the underlying state of a POl is determined by processing the
observation of a DA by a decision rule. The observation space of the DA and the observation
sampled from the observation space of the DA are denoted by ) and Y, respectively, where
Y C RN. The various possible states of the POI are represented by a finite set of M
hypotheses, denoted as Ho, H1, ..., Hy—1. The probability distribution of the observation
Y under each hypothesis is given by

HO:YNfO
7’[1:Y~f1

Hpm1:Y ~ fpma

where f; represents the probability density of Y under hypothesis H; with respect to some
reference measure y on ). Depending on whether the observation space Y is continuous
or discrete, f; denotes either a probability density function (pdf) or a probability mass function
(pmf) under hypothesis H;, respectively. For conciseness, the term distribution is used to
refer to both pdfs and pmfs in the remainder of this paper.

The decision-making process of the DA is symbolized with

q="4(y) (1)

where y is the DA’s observation (i.e., a realization of Y), J is a possibly randomized decision
rule employed by the DA and g is the DA’s decision. Given that y is observed, the deci-
sion rule ¢ is defined as the following vector: d(y) = [do(y), ..., (5M_1(y)]T, where 6;(y)
denotes the probability of choosing #; given that y is observed fori € {0,1,..., M —1}.
Consequently, the probability of choosing hypothesis #; given that hypothesis #; is the
true state can be computed as

pij = /y 5i(y)fi(y) u(dy), )

where [ 1(dy) denotes an integral operation if Y follows a continuous distribution and a
summation over the observation space if Y follows a discrete distribution. These conditional
probabilities in (2), often referred to as pairwise (error) probabilities, are utilized in the
metrics that quantify the performance of the randomized decision rule § € A under each
possible hypothesis, where A denotes the set of all possible (randomized) decision rules.

Note that deterministic decision rules can be viewed as a special case of randomized
decision rules. Specifically, a deterministic decision rule partitions the observation space )
into M disjoint subsets {yi}{.‘gl. If the observation y falls into the subset )}, the hypothesis
H,; is selected deterministically [1]. This implies that for y € V;, 6;(y) = 1 and & (y) =0
for all k # i. Consequently, for a deterministic decision rule, the pairwise probability of
choosing H; when the true hypothesis is H; given in (2) simplifies to

pij = /y fi(y) nldy). 3)

The performance of a decision rule (detector) is evaluated using a performance metric
function. In the literature, the most frequently utilized performance metrics include the
Bayes risk, the NP criterion, the minimax criterion, and the restricted Bayes risk [1,2].
An optimal decision rule is defined as one that optimizes these respective performance
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metrics. In the following sections, we focus specifically on the Bayes risk and the NP
criterion and present the derivations of the optimal decision rules.

2.1. Bayesian Hypothesis Testing

A detection problem in which the performance metric is the Bayes risk is referred
to as the Bayesian hypothesis-testing problem. In this problem, the prior probabilities
{7{] M ! are assumed to be known, and the Bayes risk of a randomized decision rule § € A
is expressed as

r(d) = Z miR;(5), (4)

where R;(d) denotes the conditional risk under hypothesis #;, which is defined as

M-1
Rj(8) = ) eiiP(HilH)) Z ¢ijl&;[0 ©®)
=0

with ¢;; representing the finite cost incurred when hypothesis #; is selected given that H; is
the true state. Here, [E;[-] denotes the expectation operator with respect to the distribution
fi(y), and E;[6;(Y)] corresponds to the pairwise probability of choosing #; given that
H; is true, i.e., p;j = E;[5;(Y)]. Thus, the Bayes risk represents the weighted average of
the conditional risks, which themselves quantify the average cost incurred by employing
decision rule § when hypothesis H; is true.

The Bayes rule is the optimal decision rule that minimizes the Bayes risk. To obtain it,
we first rewrite the Bayes risk by expanding the conditional probabilities:

M-—1 M-—1
r(6) = Z 7T Z CijPij - (6)

By substituting (2) into the expression above and interchanging the order of summation
and integration, we obtain

M—1 M—1
J) 2/ ) 51‘@)(2 7TjCijfj(y)>#(d?/)- 7)
Y izo =0

Let f(y) & YMo =0 7'(] fi(y) denote the marginal y(-)-density of the observation, and let

7i(y) = P(H;ly) = 7;f;(y)/ f(y) represent the posterior probability that hypothesis H; is
true given the observation y. The Bayes risk in (7) can then be expressed as

M-—1 M-—1
=A(25w>2qu0ﬂwmwy (8)
i=0 j=0

By defining the posterior cost of choosing hypothesis H; as

M-1
y) = Y cimly), )
=0
the Bayes risk in (8) becomes
M
—/(Z yOﬂwM@)
> [ min {ai(y)}f )l (10)
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The lower bound in (10) is achieved if, for every y € ), we set d;(y) > 0 for £ € C(y)
{i€{0,1,..., M =1} : ¢j(y) = min; c;(y) } such that }scc(,) d¢(y) = 1, and 6;(y) = O for
alli ¢ C(y). In other words, when multiple hypotheses attain the same minimum posterior
cost for a given observation y, choosing a hypothesis from the set C(y) deterministically
or selecting among them randomly yields an identical Bayes risk value. Consequently,
randomized decision rules are unnecessary. Hence, the Bayes rule can be expressed by
selecting an index ¢ € C(y) and setting:

oB(y) =1, forsomel e C(y), (11)

with 6B(y) = 0 foralli € {0,1,...,M — 1} \ {¢}. Namely, any tie in posterior costs is
broken deterministically in favor of a hypothesis #H, such that ¢ € C(y).

For the case of uniform cost assignment (LICA), where the cost of a correct decision
is ¢;; = 0 and the cost of any erroneous decision is ¢;; = 1 for i # j, the Bayes decision
rule reduces to the maximum a posteriori (MAP) decision rule as follows. Under UCA,
the posterior cost in (9) simplifies to ¢;(y) = 1 — 7;(y); therefore, minimizing the posterior
cost as in (11) becomes equivalent to maximizing the posterior probability. Hence, the MAP
rule is given by

5™ (y) =1, €= argmax m(y), (12)
0<i<M-1
with (5}(\4‘6‘1} (y) = 0 for all k # ¢, where ties in arg max are broken in a deterministic fashion.
Furthermore, if the prior probabilities are assumed to be equal (i.e., 77; = 1/M for all j),
the MAP rule further reduces to the maximum likelihood (ML) decision rule:

M (y) =1, ¢=argmax fi(y), (13)
0<i<M-1

where sML(y) = 0 forall k # £.

Binary Hypothesis Testing

In binary hypothesis testing, the POI can be in one of M = 2 states, denoted by H,
and H1, with prior probabilities 77p and 711, respectively. In this case, the optimal Bayes
decision rule simplifies to a comparison of the posterior costs (cf. (11)):

Ho
coly) 2 aly), (14)
Ha

which, by substituting the definitions of posterior cost in (9), can explicitly be written as

Ho

coo7to(y) + cormi(y) = cro7o(y) + crumi(y). (15)
Hq

Assuming cg; > cq1 (i-e., the cost of an error exceeds the cost of a correct decision), we can
substitute the posterior probabilities 77;(y) = 7t;f;(y)/ f(y), and by rearranging the terms,
simplify the Bayes decision rule to a likelihood ratio test (LRT):

2 fily) gl (c10 — €00)70 A
L(y) a fO(]/) ;0 (C01 —C11)7'L'1 = (16)

where 1 denotes the optimal threshold against which the likelihood ratio is compared.
The decision rule & is then fully characterized by the indicator function 5B (y):
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5t (y) = {l' ?fL(y) EZ (17)

with 08 (y) = 1 - 6B (y).
Similarly, for binary hypothesis testing, the MAP rule in (12) can be expressed in terms
of the weighted likelihood functions:

Hi

mfi(y) = mofoly), (18)

Ho

which is equivalent to the following LRT:

gar(y) = {1 LW 2 5 (19)
0, otherwise.

Assuming equal prior probabilities (779 = 711 = 1/2), the MAP decision rule further reduces
to the ML decision rule, which compares the likelihood ratio to a unit threshold:

SM(y) = {1’ fLly) =1 (20)

0, otherwise.

2.2. Neyman—Pearson (NP) Hypothesis Testing

For binary hypothesis testing, the NP criterion is one of the most widely utilized
performance metrics alongside the Bayes risk. In the NP framework, the prior probabilities
are assumed to be unknown. The objective is to design a decision rule (test) that maximizes
the detection probability while maintaining the false alarm probability below a pre-specified
threshold &, where a € [0, 1] is referred to as the level of the test.

The optimal NP decision rule is obtained by solving the following constrained opti-
mization problem:

maximize Pp(J)
deA (21)
subjectto  Pp(d) <«
where Pp(8) = P(H1|H1) = p11 and Pr(8) = P(H1|Ho) = p1o denote the detection proba-
bility and false alarm probability of the randomized decision rule §, respectively. In statistics,
Pp and Py are often referred to as the power and size of the test. Thus, the NP approach
seeks to find the most powerful a-level test for comparing Hg against 1 [1,2].

In the following, we present the NP lemma, which proves that the solution to the

optimization problem in (21) is a randomized LRT of the form:

1, if Ai(y) > nofo(y)
aT() = {0 if fily) = nofol(y) (22)
0, if fi(y) <mnofoly)

where the threshold 79 > 0 and the randomization constant 7y € [0, 1] are chosen to satisfy
the size constraint as Pg(6™") = & ([1] Section IL.D).

Lemma 1 (Neyman—-Pearson Lemma [1]). Fora binary hypothesis-testing problem with densities
foly) and f1(y), and a given level & > 0, the following statements are true:
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Optimality: Let & = (y,8,) be any decision rule satisfying Pg(8) < a, and let §' = (8}, 8,) be of
the form

) 1, it fi(y) >nfoly)
5(y) =31y, if fily) =7f(y) (23)
0, if fiy) <nfoly)

where n > 0and y(y) € [0, 1] are such that PF(ZFI) = w. Then, PD(ZF/) > Pp(d). Hence, size-«
decision rule of the form (23) is an NP rule.

Existence: For every o € (0,1), there is a decision rule N = (8, 8N) of the form of (23) with
v(y) = 7o (a constant) for which PF(SN) =

Uniqueness: Suppose 8" = (8]/,8)') is any a-level NP rule for Ho versus Hy. Then, 5! must be of
the form of (23) except possibly on a subset of Y having zero probability under Hy and H;.

The NP rule in (22) can be interpreted as a convex combination of two deterministic
LRTs, 5* = (03,0%) and 8" = (8%, 61), defined as follows:

sily) = {1' HWEI ) = {1’ p) = )
0, ifL(y) <o, 0, ifL(y) <np.

Specifically, the randomized NP rule in (22) corresponds to selecting the deterministic

rule §* with probability g and the rule 8 with probability 1 — . Note that if the event

{fi(y) = nofo(y)} occurs with probability zero under both hypotheses (as is typical for

continuous distributions), the randomization constant vy becomes irrelevant, and the rule

simplifies to a standard deterministic LRT.

3. Optimal Decision Rules Under General Criterion in Terms of
Error Probabilities

In this section, we present a method to characterize optimal decision rules for perfor-
mance metrics that are functions of pairwise error probabilities. A generic decision criterion
expressed in terms of pairwise error probabilities can be formulated as the following
optimization problem [19]:

minimize - go(p(9))

subjectto gi(p(d)) <0, i=1,2,...,m (25)
hi(p(6)) =0, j=12,...,n

where A is the set of all possible (randomized) decision rules, and g; and h; represent
arbitrary functions of the pairwise error probabilities. The vector p(J) denotes the pairwise
probability vector, defined as

p(8) = [p10, P20, - - PM—1 0, P01, P21, - - PM—2 M—1) | - (26)

where p;; denotes the probability of choosing H; when the true hypothesis is 1, as defined
in (2). Note that it is sufficient to include only the pairwise error probabilities (i.e., p;;
fori #j,i,j €{0,1,...,M—1})in p(J), as the correct decision probabilities are linearly
dependent: pjj = 1 — ), pjj. Classical hypothesis-testing criteria, including Bayesian,
minimax, NP, and restricted Bayesian, can all be viewed as special cases of the formulation
in (25).
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Decision rules influence performance metrics exclusively through their corresponding
pairwise probability vectors. Consequently, optimizing a performance metric over the set
of all achievable pairwise probability vectors is equivalent to optimizing it over the set
of all randomized decision rules. We define the set of all achievable pairwise probability
vectors as

P(A) 2 {p(5):6 €A}, (27)

It is important to note that the set P(A) is both convex and compact, as established
in [19,20,27]. Using this property, the general decision criterion in (25) can be reformulated
as an optimization over the achievable set of pairwise probability vectors:

minimize 8o(p)

subjectto gi(p) <0, i=1,2,...,m (28)

hi(p) =0, j=12,...,n

Next, we leverage the convexity and compactness of P(A) to elucidate the relationship
between pairwise probability vectors and their corresponding decision rules. To develop
the framework, we first consider a linear objective of the form v " p, that is, a weighted
sum of the pairwise error probabilities, and show that the corresponding optimal rules are
likelihood ratio quantizers (LRQs) associated with vector v. We then return to the general
optimization problem in (28) and use this characterization to describe the structure of the
optimal decision rules.

Consider the unconstrained performance metric v' p(J), where v € RM(M=1) jg 4
weight vector with real-valued entries vjj fori,j € {0,1,...,M —1} and i # j. Since
P(A) is a convex and compact set, for any v, there exists a supporting hyperplane
{p:v"p=2v"p*} such that p* € P(A)and v'p > v p* forall p € P(A) [28]. To
derive the decision rule that yields v' p*, we express the performance metric v ' p(J)

as follows:
- M-1 M-1
v p(6)=), Y, vipi- (29)
i=0 j=0,j#i

By substituting p;; with (2) and interchanging the order of summation and integration,
(29) becomes

. M-1 M-1
v p(d) = / Y 4i(y) ( )3 Uijfj(y)> H(dy). (30)
Y izo j=0,j#i
By defining the weighted likelihood sum for hypothesis H; as
L Mot
Vily) = ) uifi(y), (31
j=0j#i

the performance metric in (30) becomes

T M-1
o p(8) = /y L S Vily) )

> i i .
> [, o min Vi(y) u(dy) (32)

The lower bound in (32); hence, the minimizer of the performance metric, can be achieved
by a randomized LRQ or deterministic LRQ as specified below.
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Let V(y) denote the set of indices that minimizes V;(y) in (32). That is,
A . .
= 0,1,... M—1}:V; = Vi .
V(y) = {jed }:Vily) = _min Vi(y)}
We call a decision rule ¢ a randomized LRQ associated with v if
Y. dly) =1 (33)
LeV(y)

and 6;(y) = O foralli ¢ V(y). It is noted that any randomized LRQ associated with v
attains the lower bound in (32), and hence any such rule is optimal for minimizing v " p(§).
As a special case of randomized LRQ, we can set one of the §;(y) components to one for a
certain ¢ in V(y) and set all the other elements of § to zero, yielding a deterministic LRQ.
In other words, we call a decision rule § a deterministic LRQ associated with v if

di(y) =1 forsomel € V(y) (34)

and J;(y) = Oforalli € {0,1,...,M — 1} \ {¢}. Therefore, every deterministic LRQ
associated with v is also optimal for the same linear objective, v " p(J).

Remark 1. In this context, a deterministic LRQ is a decision rule that separates the likelihood ratio
space into M convex polytopes in which one hypothesis is chosen deterministically. The polytopes in
which different hypotheses are selected are separated via convex hyperplanes. It should be noted that,
if the observation y corresponds to a point on a separating hyperplane on the likelihood ratio space,
there exists more than one element in the V(y) set and a deterministic LRQ selects a hypothesis
deterministically as given in (34). Conversely, a randomized LRQ chooses a hypothesis randomly
from the hypotheses whose indices compose the V(y) set, if the likelihood ratio of observation,
y, corresponds to a separating hyperplane. Naturally, a randomized LRQ can be viewed as a
randomization of the deterministic LRQs constructed with the same parameter set, v.

Next, we consider the general optimization problem in (28). We define the set of
boundary points as a subset of the observation space ) for a given weight vector v as [19]

Blw)= | Biv), (35)

0<i<j<M-1

where each subset B; ;(v) represents the points where at least two hypotheses achieve the
same minimum weighted likelihood sum:

Bij(v) £ {y € V: Vi(y) = Vi(y) < Vi(y), Yk # i, j} . (36)

The complement of the boundary set, denoted as B(v), contains the observations where a
single hypothesis strictly minimizes the weighted likelihood sum; that is,

B(v) :=Y\B(v) ={y €Y : Vi(y) < Vj(y), for some
0<i<M-landall0<j<M-1,j#i}. (37)

If the boundary set B(v) has zero probability measure under all hypotheses, as is typical for
continuous distributions, ties can be broken arbitrarily without affecting the performance
metric. However, if B(v) occurs with non-zero probability (e.g., in discrete or mixed
distributions), the specific hypothesis selected when multiple indices yield identical V;(y)
values directly influences the resulting pairwise error probabilities.
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In ([19] Lemma), the decision rules which yield pairwise probability vectors that reside
on the boundary of P(A) are characterized. We summarize this lemma below:

Lemma 2 ([19] Lemma). Let p* be a point on the boundary of P(A), and let {p : v"p = v ' p*}

be a supporting hyperplane to P(A) at p*.

e Case 1 (Zero Probability Boundary): If the boundary set B(v) defined in (35) has zero
probability measure under all hypotheses, then any deterministic LRQ associated with v of the
form in (34) yields the pairwise probability vector p*.

e Case 2 (Non-zero Probability Boundary): If B(v) has non-zero probability measure under
at least one hypothesis, then p* is achievable by a randomized LRQ associated with v as defined
in (33), which randomizes at most M(M — 1) deterministic LRQs, all of which take the form
of (34) and correspond to the same weight vector v.

In Case 1 of Lemma 2, the optimal decision rule for inf,cp ) v p is unique up to sets
of probability measure zero. Consequently, the corresponding optimal pairwise probability
vector p* is the unique minimizer of the linear objective. It follows that p* is an exposed
point of P(A), and hence also an extreme point. Since p* is an extreme point of P(A),
it cannot be written as a nontrivial convex combination of two distinct points in P(A).
Therefore, a deterministic LRQ in (34) yields p*.

In Case 2 of Lemma 2, the boundary of P(A) may contain points that are not extreme
points, meaning they can be expressed as a convex combination of the extreme points
in the set. Consequently, the linear functional v ' p may not have a unique minimizer.
All pairwise probability vectors that minimize v ' p(J) lie on the intersection of P(A)
with the supporting hyperplane {p : v'p = v'p,}, which has a dimension of at most
M(M — 1) — 1. By Carathéodory’s Theorem, any point p* within this intersection can be
represented as a convex combination of at most M (M — 1) extreme points of the set [29].
These extreme points correspond to deterministic decision rules of the form (34) associated
with the same weight vector v, [27]. Crucially, these deterministic rules differ only in the
specific hypothesis selected for observations y € B(v), where the weighted likelihood sums
are tied.

In Figures 1 and 2, we provide illustrative examples for both cases of Lemma 2 within a
binary hypothesis-testing framework. The set of all achievable pairwise probability vectors,
P(A), is highlighted in the figures.
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Figure 1. Set of achievable pairwise probability vectors when Y has a continuous distribution
(Lemma 2-Case 1).
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First, we consider the case in which the boundary set B(v) has zero probability
measure. Let the weights be assigned as vp; = 1 and vy = 0.7129. Under these
weights, the weighted likelihood sums in (31) become Vy(y) = v f1(y) = f1(y) and
V1(y) = v1ofo(y) = 0.7129fy(y). Since B(v) has zero probability measure, the probability
of Vo(y) = Vi(y) occur with zero probability. Hence, v p is minimized if the optimal
decision rule selects the hypothesis that yields the minimum V;(y) value, which can be
written as

0;(y) =1, forl=argminV;(y). (38)
ie{0,1}

More explicitly, for binary hypothesis testing, the decision rule given above can be written as
Ho

vorf1(y) = vi0fol(y)- (39)
Hq

Since v and vy are positive, the decision rule §* can be expressed as

_ fily) > Y10
Ly) = fo(y) = vor (40)

More explicitly, the optimal decision rule that minimizes v " p(J) is

1, ifL > 0.7129,
my):{ ifLy) @)

0, otherwise.

Since the boundary points of y occur with zero probability measure, the hypothesis selected
when L(y) = 0.7129 does not change the pairwise probabilities. The resulting pairwise
probability vector for this rule is p* = [0.3, 0.1646]T, which achieves the minimum per-
formance score of v p*(8*) = 0.3785. The optimal pairwise probability vector, p*(5*)
is at the intersection of P(A) and the hyperplane 0.7129p19 + po1 = 0.3785, as shown in
Figure 1.

The boundary of the set of pairwise probability vectors for an example to Case 2 of
Lemma 2 is shown by the dotted lines in Figure 2. In that case, the weights are set as
v19 = 0.675 and vg; = 1, which lead to the weighted likelihood sums Vj(y) = fi(y) and
V1(y) = 0.675fp(y). The optimal decision rule selects the hypothesis with minimum V;(y)
value for i € {0,1}, which can be written as

Ho

vorfi(y) = vi0foly)- (42)
Hi

Since B(v) occur with nonzero probability, the probability of vy; f1(y) and v1o fo(y) being
equal has a nonzero probability for these specific weights. Hence, there exist infinitely
many pairwise probability vectors that minimize v ' p(J), which compose the set that is
defined as the intersection of the P(A) set and the hyperplane (line) given below:

0.675p10 + po1 = 0.37. (43)

These decision rules differ only in the probability with which #; is selected when
v01f1(y) = v10f0(y), a condition that can be equivalently expressed as L(y) = % The de-
terministic decision rules 82 and &%, whose pairwise probability vectors are the extreme
points of the set of minimizers for v ' p(§), are given by
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1, if L(y) > 0.675, 1, if L(y) > 0.675,
L) and o) = § Y (a4)

5 (y) =
1) 0, otherwise, 0, otherwise.

The pairwise probability vectors of 62 and 6° are shown in Figure 2. Any point p*(§*) on
this segment can be expressed as the convex combination:

pH(87) = Ap*(8%) + (1 - 1)p* (&), (45)

where A € [0, 1]. The randomized decision rule §* that achieves p*(J™) is similarly a convex
combination §* = A6% + (1 — A)8%, which can be explicitly written as a randomized LRT:

1, if L(y) > 0.675,
5i(y) =< 1—A, ifL(y) = 0.675, (46)
0, if L(y) < 0.675.

In this case, if the event {L(y) = 0.675} occurs with non-zero probability, hypothesis 1 is
selected with probability 1 — A to satisfy the specific performance requirement.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Probability of False Alarm, pyg
Figure 2. Set of achievable pairwise probability vectors when Y has a discrete distribution (Lemma 2-
Case 2).

Based on the characterization of the decision rules whose pairwise probability vectors
lie on the boundary of P(A), the following theorem, developed in ([19] Theorem), provides
a complete characterization of the optimal decision rules according to the location of the
optimizer in P(A), including interior points that are not covered directly by Lemma 2.

Theorem 1 ([19] Theorem). Suppose the optimization problem in (25) is feasible, and let §*
and p*(8*) denote an optimal decision rule and its corresponding pairwise probability vector,
respectively. An optimal decision rule that solves (25) can be characterized as follows:

e Case 1: If the boundary set B(v) defined in (35) has zero probability measure under all hy-
potheses for any weight vector v, then §* is a randomization among at most two deterministic
LRQs of the form given in (34), each specified by a distinct weight vector.

e Case 2: Otherwise, §* is a randomization of two LRQs with separate v vectors. Note that
one of these LRQs can always be chosen as a deterministic LRQ of the form given in (34),
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which corresponds to Case 1 of Lemma 2. The other LRQ is possibly a randomized LRQ that
corresponds to Case 2 of Lemma 2.

When the optimization problem in (25) exhibits specific structural properties, the max-
imum number of deterministic decision rules required to achieve optimal performance
may be reduced below the bounds established in this theorem.

If the optimal pairwise probability vector p* resides on the boundary of P(A),
Lemma 2 directly characterizes the optimal decision rule. Specifically, if the boundary set
B(v) has a zero (Case 1) or non-zero (Case 2) probability measure, p*(J™) is achieved by a
deterministic LRQ or (possibly) a randomized LRQ), respectively. In the latter case, the LRQ
can be written as a randomization among at most M(M — 1) rules that are constructed
using the same weight vector v [19].

Conversely, if the optimal pairwise probability vector resides in the interior of P(A),
a randomization of two LRQs is required. Firstly, let B(v) have a zero probability measure.
Under this assumption, the boundary of P(A) consists entirely of extreme points, which
are achieved by the deterministic rules defined in (34). The optimal decision rule that
attains p*(J™) is a randomization of two deterministic LRQs characterized by different
weight vectors. To see this, let p' (81) be a point on the boundary achieved by rule §' with
weight vector v!. A ray originating from p' (') and passing through p*(8*) intersects the
boundary at another point p?(8?). Since p?(5?) is also an extreme point, it corresponds
to a deterministic rule 6% with weight vector 2. Thus, p*(8*) can be expressed as the

convex combination:
pi(0%) = Ap'(8") + (1= M)p*(6?), (47)
where A € [0,1] is the randomization coefficient. The corresponding optimal decision rule
is then
5 = A8+ (1-1)82, (48)
where 8! and 42 are selected with probabilities A and 1 — A, respectively. An example for
binary hypothesis testing is illustrated in Figure 3.
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Figure 3. Set of achievable pairwise probability vectors and an example of Theorem 1 for Y with a
continuous distribution (Theorem 1-Case 1).
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Now, assume that B(v) has a non-zero probability measure (Theorem 1, Case 2) and
the p* is in the interior of P(A). The optimal pairwise probability vector p*(5*) is achieved
via a randomization between two LRQs with different weight vectors; one of these LRQs
can always be chosen as a deterministic LRQ. To show this, let p!(6') be an extreme
point of P(A) achieved by decision rule 8! characterized by the weight vector v'. A ray
originating from p! (') and passing through p*(§*) intersects the boundary of P(A) at a
point p. Since points on the boundary are not necessarily extreme points in Case 2, p can be
expressed as a convex combination of at most M(M — 1) extreme points lying on the same

MM-1)+1(sMM=1)+1) 3chieved

supporting hyperplane. Let these points be p?(8%),...,p
by deterministic LRQs 82, ..., sMM~D+1 The optimal pairwise probability vector p*(5*)

can then be written as a convex combination of these M(M — 1) + 1 extreme points:

M(M-1)+1

P =Y apdh), (49)
k=1

where Ay € [0,1] and Zﬁ(lM —h+ Ar = 1. Consequently, the optimal decision rule is a
randomized LRQ, which can be written as a randomization of at most M(M — 1) + 1
deterministic rules as given below:

M(M-1)+1
&= Z )\k5k , (50)
k=1

where each deterministic LRQ, 6, is employed with probability A. Notably, since the

pairwise probability vectors p2(52), ..., pMM-1)+1 (SMM=1)+1)

lie on the same supporting
hyperplane, their corresponding decision rules can be constructed using the same weight
vector v.

An example illustrating Case 2 of Theorem 1 in a binary hypothesis-testing scenario
is depicted in Figure 4 for binary hypothesis testing. Note that LRQs become LRTs for
binary hypothesis testing. In this instance, the optimal decision rule is a randomization
of two LRQs, &' and 6%, The pairwise probability vector of §! is an extreme point; hence,

5% reside

&1 is a deterministic LRQ. On the other hand, the pairwise probability vector of
at the line segment between the two extreme points that correspond to the deterministic
LRQs, 62 and ¢°. Hence, the pairwise probability vector of §° can be written as a convex

combination of these extreme points and thus, 6%

is a randomized LRQ that randomizes
6% and 6°. Note that, since the pairwise probability vectors corresponding to 62 and &° lie
on the same supporting hyperplane, these two rules are constructed using the same weight
vector v. The only distinction between 62 and ¢° is the specific hypothesis selected when
the likelihood ratio exactly equals the threshold value. This event occurs with non-zero
probability in this case. It should be noted that the decision rule, § 1, can always be selected
such that it corresponds to an extreme point on a different part of the boundary and is

therefore characterized by a different weight vector.

Special Cases

In this section, we demonstrate that optimal decision rules for standard performance
metrics, such as Bayes risk and the NP criterion, can be characterized as special cases of the
framework presented in the preceding part.

Bayesian M-ary Hypothesis Testing:

We first consider the Bayesian M-ary hypothesis-testing problem. By rearranging the
summation terms, the Bayes risk in (6) can be expressed as a linear function of the pairwise
probability vector:
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M-1M-1 M-1
r(0) =Y, ) milcij—cippi+ Y micjj
j=0 =0 j=0
7]
=o' p(J) + constant, (51)

where the weights are defined as v;; = 7i(cij — cjj)- As established in the previous section,
the decision rule that minimizes a performance metric of the form v " p(&8) can be expressed
as the deterministic rule defined in (34).
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Figure 4. Set of achievable pairwise probability vectors and an example of Theorem 1 for ¥ with a
discrete distribution (Theorem 1-Case 2).

Binary Bayesian Hypothesis-Testing

For binary hypothesis testing (M = 2), the decision rule in (34) simplifies to the

following comparison:
Hy

Vi(y) 5 Vo(y) - (52)

Substituting Vo(y) = vo1 f1(y) and V4 (y) = v10f0(y), the optimal Bayesian rule becomes a
standard LRT:
1, ifL > o

if L(y) > 51 (53)

5 (y) =
Ty 0, otherwise,

where v19 = 7p(c10 — coo) and vg; = 71(co1 — c11). Next, we focus on the probability
of error performance metric, which can be viewed as a special case of Bayes risk with
c10 = ¢o1 = 1 and cpp = c11; = 0. We derive the lower bound for the probability of error and
show that the lower bound can be achieved via the MAP rule.

Remark 2. Consider the scenario in which the performance metric is the minimum probability of
error. The probability of error associated with the decision rule § can be expressed as

Pe(p(8)) = mipor + 7opio - (54)
The lower bound on the probability of error is given by

Pe(p(9)) = 1 — do(mofo(y), m1f1(y)), (55)
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where d, (710 fo(y), 711 f1(y)) denotes the total variation distance and is computed as [30]:

do(700fo(y), 1 f1(y)) = sup [mp11 — mopaol - (56)

IS
The equality in (55) is achieved if the decision rule that yields the minimum probability of error is
employed. This optimal decision rule can be obtained by solving the following optimization problem:

" = argmin P.(p(d)). (57)
S

Since the probability of error is a function of the pairwise probabilities, this optimization problem
can equivalently be expressed as

p*(6*) = argmin P.(p). (58)
pEP(B)

By denoting v = [, )7, the probability of error can compactly be written as Po(p(J)) =
vT p(6). Consequently, the decision rule that minimizes the probability of error and achieves the
lower bound in (55) is the LRT given by

L ifLy) = 2
0, otherwise.

5*(y) = 59)

It should be noted that the decision rule specified above is the MAP rule given in (19). An illustrative
example with the location of the pairwise probability vector of the decision rule given above, which
results in a minimum probability of error value of 0.2266, is shown in Figure 5 with a red circle.
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Figure 5. The optimal decision rule and the pairwise probability vector that minimizes the probability
of error (Remark 2).

NP Hypothesis Testing

In NP hypothesis testing (M = 2), the objective is to maximize the detection prob-
ability p11 while maintaining the false alarm probability p1yp below a specified level a.
Since pg; = 1 — p11, the NP criterion can equivalently be expressed as the following
constrained optimization:

min pg; subjectto pjg < «. (60)
JeA
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Since the miss probability pg; is a non-increasing function of the false alarm probability
p10, the optimal decision rule achieves the false alarm constraint with equality, p1p = «a,
and takes the form of a randomized LRT. By definition, the NP rule achieves the mini-
mum possible miss probability for a given false alarm level; geometrically, this implies
that the pairwise probability vector of the NP rule resides on the lower boundary of
P(A). According to Lemma 2, the optimal decision rule is a randomization among at most
two deterministic decision rules, both associated with the same weight vector v.

The lower boundary of the set P(A) consists of pairwise probability vectors corre-
sponding to standard NP decision rules. To characterize the upper boundary, we introduce
the flipped NP criterion ([20] Lemma 2), which is provided in the lemma given below.

Lemma 3 ([20] Lemma 2 (Flipped Neyman-Pearson Rule)). Let the observation vector y be
distributed according to fo(y) and f1(y) under hypotheses Hy and H, respectively. For any
0 < a <1,let 6™ be a decision rule cf. (22):

1L, if fily) <mofo(y)
SN (y) =< vo i fily) = nofoly) (61)
0, if fi(y) >nofo(y)

where 0 < o < 1and 59 > 0 are chosen such that the false alarm probability pyy = «. Then, ™"

maximizes the miss probability py; among all rules & satisfying p1o > . That is, ™' solves:

max pg; subjectto  p1g > «. (62)
den

Under the flipped NP criterion, the objective is to maximize the miss probability
po1 while maintaining the false alarm probability p1g at a specific level a. Since the miss
probability is a non-increasing function of the false alarm probability, the FNP rule achieves
the constraint p;g = a with equality. By maximizing po; for a fixed pjg, the pairwise
probability vectors of the FNP rules define the upper boundary of P(A). According
to Lemma 2, the FNP rule can be implemented as a randomization between at most
two deterministic decision rules sharing the same weight vector v. Hence, the flipped
NP rule given in Lemma 3 and the characterization of the decision rule done by using
Lemma 2 agree.

For a fixed false alarm probability &, the lower and upper boundaries of the set P(A)
correspond to the minimum and maximum achievable miss probabilities, respectively.
These extremes are achieved by the NP and flipped NP rules. Consequently, any arbitrary
point p = [p10, fo1] | € P(A) can be represented as a convex combination of the NP and
flipped NP pairwise probability vectors, both evaluated at a false alarm probability & = fi;¢:

p=ApN(ON) + (11— )N (TN, (63)

s F -

where the randomization coefficient is given by A = %. Thus, the decision rule
01 Fo1

achieving p(J) written as the randomization of NP and flipped NP rules is given below:
&= ANT (1 1)6™P, (64)

where the NP rule 6™ and the flipped NP rule 6™ are employed with probabilities A
and 1 — A, respectively. For binary hypothesis testing, every point in P(A) is uniquely
characterized by the false alarm probability « and the randomization constant A. As a
result, the entire set P(A) can be spanned by sweeping « € [0,1] and A € [0, 1].
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4. Binary Hypothesis Testing with Prospect Theory-Based Behavioral
Utility as Performance Metric

The rational performance metrics, such as Bayes risk and NP criterion, utilize the
actual probability and utility or cost values; as a result, direct analysis of these performance
metrics often reveals the structure of the optimal decision rules. Furthermore, the optimal
pairwise probability vectors of rational performance metrics lie on the boundary of the
P(A) set. In some hypothesis-testing problems, however, the DA or the designer of the
decision rule may exhibit behavioral biases and therefore may not act as a fully rational
agent, such as a physical sensor. In such cases, rational performance metrics may fail
to capture the actual decision-making behavior of the DA. To model such behavior, PT-
based approaches have been adopted in the literature [13-21], which employ a probability
weighting function and a utility valuation function [22-26]. Since the probability weighting
function introduces a nonlinear transformation of the objective probabilities, the resulting
behavioral utility is generally nonlinear in the pairwise probability vector; therefore, unlike
classical criteria, its optimizer need not lie on the boundary of P(A).

In this section, we focus on the problem of binary hypothesis testing with a DA whose
performance metric is the PT-based behavioral utility that is computed using the perceived
probability and utility values that are obtained using the probability weighting and utility
valuation functions, which are specified in the following.

4.1. Prospect Theory (PT)

Originally developed by Daniel Kahneman and Amos Tversky in 1979, PT provides
a robust framework for understanding how behavioral biases influence decision-making
under uncertainty. In PT, it is posited that the behavioral biases of human DAs are driven
by subjective perceptions of probability and utility. Specifically, unlike rational agents,
such as physical sensors that operate on objective probability and utility values, human
decision-makers perceive these quantities through subjective probability weighting and
utility valuation functions [22,23,26,30].

To model the human perception of probabilities, a probability weighting function,
w(p), is employed in PT. A widely adopted formulation for this function is given by

9

_ p
w(p) = P (65)

where p € [0, 1] represents the objective probability and w(p) € [0, 1] denotes its perceived

version [31]. Here, ¢ serves as a tuning parameter, which satisfies ¢ > 0.279 [25,32]. This
function typically captures the human tendency to overweigh low probabilities and underweigh
high probabilities. Examples are shown in Figure 6 for ¢ € {0.49,0.69,0.89,1}.

The subjective perception of an outcome’s utility is modeled by a utility valuation
function, v(u), defined relative to a reference point u, as given below:

(u — uy)¥, ifu>u,

o(u) = (66)

—B(uy —u)*, ifu<u,,

where u represents the objective utility viewed as a gain if u > u, and a loss if u < u, [23].
Here, B > 1 is the loss-aversion parameter, and x € (0,1) reflects diminishing sensitivity.
The median behavioral parameters are estimated as p = 2.25 and x = 0.88 [23,26]. The re-
sulting utility valuation function, characterized by a steeper slope for losses than for gains,
is depicted in Figure 7 for the standard case of u, = 0.
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Figure 6. The probability weighting function in (65) for various values of ¢ € {0.49,0.69,0.89,1}.

The median values for the behavioral parameters are estimated as ¢ = 0.69, f = 2.25,
and x = 0.88 [23,26]. Furthermore, the behavioral parameters for a rational agent are ¢ = 1,
B =1,and x = 1. In Figure 6, the probability weighting function is depicted for various
values of & € {0.49,0.69,0.89,1}. Similarly, the utility valuation function for a behavioral
decision-maker with § = 2.25, x = 0.88, and u, = 0 is provided in Figure 7.

4.2. Optimal Decision Rules for Behavioral Utility-Based Binary Hypothesis Testing

We assume that a behaviorally-biased DA, i.e., a human DA, is employed for binary
hypothesis testing, where the conditional distributions of the observation vector Y are
given by

7‘[0 1Y ~ fo (67)
Hi: Y~ fi (68)

The DA evaluates the performance using a behavioral utility metric, expressed as

1 1

Up(8)) =Y. Y w(pijrj)v(u) (69)

j=0i=0
where 7; is the prior probability of hypothesis #;, and u;; denotes the actual utility associ-
ated with choosing H; when H; is true, which can be considered as the negative of the cost
value, ¢jj, in (6). Here, w and v represent the probability weighting and utility valuation
functions, respectively (see (65) and (66)).

The behavioral utility performance metric in (69) utilizes perceived probability and
utility values rather than their objective counterparts. Consequently, it can be viewed
as a behavioral variant of the Bayes risk (with a reverse sign, as it is defined as utility).
The fundamental differences are: (i) instead of absolute costs, the metric employs utility
values u;;, where negative values represent perceived losses and positive values represent
perceived gains, and (ii) unlike a rational agent who utilizes actual probability and cost val-
ues, the behavioral agent processes these through non-linear functions w and v, capturing
human-like cognitive biases.
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Figure 7. The utility valuation function with parameters u, = 0, = 2.25, and « = 0.88.

For this problem, the optimal decision rule maximizes the behavioral utility and is
obtained by solving the following optimization problem:

0" = argmax U(p(d)). (70)
JeA

Expanding the behavioral utility in (69) in terms of the pairwise error probabilities for the
binary case (poo = 1 — p1o and p11 = 1 — po1), we obtain

U(p(d)) = w(rmo(1 — p1o))v(uoo) + w(7Top10)v(U10)
+ w(mypo1)v(uor) + w(rmy (1 — por))o(urr) . (71)

A decision rule, §, influences the behavioral utility solely through its pairwise prob-
ability vector, p(d). Consequently, maximizing the behavioral utility over the set of all
randomized decision rules, A, is equivalent to maximizing the function U (p) over the set
of all achievable pairwise probability vectors, P(A):

p*(6*) = argmax U(p). (72)
peP(A)

The optimization of behavioral utility is thus a specific instance of the general problem for-
mulated in (25). Therefore, the optimal decision rules can be characterized using Theorem 1.
Notably, as detailed in ([16] Proposition 1), certain utility configurations can result in sce-
narios where a standard LRT is no longer the optimal strategy. ([16] Proposition 1) is
summarized in the following proposition.

Proposition 1 ( [16] Proposition 1). Suppose that the probability weighting function w is mono-
tonically increasing.

https:/ /doi.org/10.3390/e28060657


https://doi.org/10.3390/e28060657

Entropy 2026, 28, 657

22 of 31

e Case(a): If v(u10)v(uoo) < 00r v(u1r)v(uer) < 0, then the solution to (72) is a randomized
LRT. This rule takes the form of either a standard NP rule, Y, or a flipped NP rule, 5™

1, ifL(y) >m

ST (y) =<7, ifLy)=m (73)
0, ifL(y)<m
L ifL(y) <m

S (y) =< 12, ifL(y) =1 (74)
0, ifL(y)>n

e Case (b): If v(u19)v(ugy) > 0 and v(uy1)v(ugy) > 0, then the optimal decision rule may
require a randomization of multiple LRTs.

Unlike Bayesian risk, which utilizes objective probability and cost values, the opti-
mality of a single LRT cannot be guaranteed in behavioral utility-based binary hypothesis
testing. This is primarily due to the non-linearity of the probability weighting function,
which overweights low probabilities and underweights high probabilities. Consequently,
the position of the optimal pairwise probability vector p*(8*) within the achievable set
P(A) depends heavily on the signs of the utility valuation functions. When the conditions
for Case (a) are met, i.e., v(u19)v(ugy) < 0 or v(u11)v(up1) < 0 holds, the optimal pairwise
probability vector p*(6™) resides on the boundary of P(A). In this scenario, Lemma 2
applies directly, and the optimal rule is a randomization among at most two deterministic
decision rules constructed with the same weight vector v.

Conversely, if the conditions v(u10)v(ugp) > 0 and v(u11)v(up1) > 0 holds, i.e., Case
(b) is valid, the optimal vector p* (™) may reside in the interior of the P(A) set. Under these
circumstances, the structure of the optimal rule depends on the measure of the boundary
set B(v). If the boundary points of y occur with a nonzero probability measure, the optimal
decision rule is a randomization between two possibly randomized LRTs with distinct
weight vectors. More explicitly, one of these LRTs can always be chosen as a deterministic
LRT; however, the other LRT may be a randomized LRT, which randomizes two LRTs with
the same weight vector. Since the optimization problem given in (72) is a special case of the
general framework given in (25), by leveraging Theorem 1, the following corollary can be
devised to characterize the optimal decision rules for behavioral utility.

Corollary 1. For PI-based binary hypothesis testing, the optimal decision rule can be expressed
as a randomization among at most three deterministic decision rules based on the likelihood ratio
L(y) = f1(y)/ fo(y). The first decision rule can always be chosen as

1, L(y) >m
'y)=L00r1, Lly)=m, (75)

0, L(y) <m

and the other two decision rules form either an NP rule or a flipped NP rule. If they form an NP
rule, they are characterized as

1, L(y)=mnm
5 (y) = 76
(v) {0’ L(y) < (76a)
1, L(y)>mnm
B3 (y) = 76b
(v) {0, L) < (76b)
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Conversely, if the other two decision rules form a flipped NP rule, they are characterized as

1, L(y)

<
2(y) = = 77
(v) 0, Liy) > 1 (77a)
53(y> _ 1, L(y) <13 (77b)
0, L(y) >3

This corollary is a direct application of Theorem 1 to the behavioral utility. Geomet-
rically, let 8! be a deterministic decision rule associated with a weight vector v'. Due to
its structure, its pairwise probability vector resides on the lower boundary of P(A). A ray
originating from its pairwise probability vector p!(8!) intersects the boundary of the set
P(A) at a point that is not necessarily an extreme point of the set. If this intersection
point is located on the lower boundary of P(A), it can be achieved via an NP rule; thus,
a randomization of the decision rules in (76) yields the intersection point. Conversely,
if the intersection point is located on the upper boundary of P(A), the randomization of
the decision rules in (77) is required, i.e., the intersection point corresponds to a pairwise
probability vector of a flipped NP rule.

If the observation Y is governed by a continuous distribution such that the boundary
points occur with zero probability measure, every point on the boundary of P(A) becomes
an extreme point. In such cases, the optimal decision rule simplifies to a randomization
of at most two deterministic LRTs with different weight vectors. Moreover, if Case 1 of
Proposition 1 holds, the optimal decision rule is either a deterministic LRT in the case where
the boundary points of the ¥ occur with zero probability or a randomized LRT that can
be written as a randomization of two deterministic LRTs with the same weight vector, v,
in the case the boundary points of ¥ occurring with non-zero probabilities.

An alternative approach for characterizing the optimal decision rule that maximizes
behavioral utility is presented in ([16] Proposition 2) and also in ([20] Proposition 1), which
are provided in the proposition given below. Based on the geometric structure of the
achievable set, the boundary of P(A) consists of points corresponding to either NP rules
or flipped NP rules. Consequently, the optimal pairwise probability vector p* must be
achieved by one of the following: (i) a standard NP rule, (ii) a flipped NP rule, or (iii)
a randomization between an NP rule and a flipped NP rule that share the same false
alarm probability a. This third case effectively allows for the exploration of the interior
of P(A) by taking convex combinations of the lower and upper boundaries at any given
false-alarm level.

Proposition 2 ([16] Proposition 2). Let p*(5*) = [p},, p;] " be the optimal pairwise probability
vector that solves the behavioral utility maximization problem in (72). The corresponding optimal
decision rule §* can be implemented as a randomized rule:

5 = A6NF 4 (1 — 1) 6™, (78)

where 6NY and ™Y are the NP and flipped NP rules, respectively, both designed with size & = Plo-

JNP 5FNP

Let pé\i'* and pgi* denote the miss probabilities associated with and at this false alarm

level. The randomization coefficient is then given by

F,x
A= o —Poi

(79)
F, N,*
Po1 — Po1
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Specifically, the optimal rule §* selects the decision outcome of 6\* with probability A and the
outcome of S™NT with probability 1 — A.

The fundamental intuition behind Proposition 2 is that any point p = [f19, fo1] '
within the achievable set P(A) can be realized through a specific randomized decision rule:

3(y) = AN 4 (1 — 1)o™F, (80)

5NP JFNP

where and are the NP and flipped NP decision rules of size & = fi1g, respectively.
In this framework, the randomization constant A dictates the probability with which the NP
rule is selected over the flipped NP rule. Geometrically, the lower and upper boundaries
of the set P(A) are defined by the NP and flipped NP rules across all possible sizes.
Consequently, if the optimal pairwise probability vector p*(5*) lies on the lower boundary,
we set A = 1 to recover the standard NP rule of size p19. Conversely, if p*(J*) resides
on the upper boundary, the randomization constant is set to A = 0 to employ the flipped
NP rule. For the case where p*(6*) is located in the interior of P(A), the randomization
of these two boundary rules with A = (phi* — pi, )/ (ph;* — pi*) ensures that the desired
miss probability is achieved at the target false alarm level.

The approach given in Proposition 2 effectively "scans" the vertical interior of the
achievable set, providing a robust implementation of optimal rules. Furthermore, using
Proposition 2, it is possible to devise a practical algorithm to obtain the decision rule that
maximizes the behavioral utility, which consists of the following steps:

1. Solve for p*(8*): Solve the optimization problem in (72) to obtain the optimal pair-
wise probability vector p*(85*) = [p%,, piy] "

2. Design Boundary Rules: Design the standard NP and flipped NP rules as LRTs
defined in (73) and (74), both set to a false alarm probability of & = pJ,,.

3. Randomize: Combine these two rules using the randomization constant A derived in

Proposition 2 to achieve the target miss probability py; .

5. Numerical Examples

In this section, we provide several numerical examples to corroborate the theoretical
results established in the previous sections based on Theorem 1. To this end, we consider
a behaviorally biased DA employed to detect the true state of a POIL The POI resides in
one of two states, denoted by hypotheses Hq and 1, which occur with prior probabilities
g = 111 = 0.5. The performance of the behavioral DA is evaluated using the behavioral
utility function defined in (69).

In the first example, we assume that the DA receives binary reports from two sources;
specifically, these sources send their local observations regarding the actual state of
the POI to the DA. Consequently, the set of observation vectors available to the DA is
Y ={[0,0]7,[0,1],[1,0] ", [1,1] T }. The conditional probability mass functions (°PMFs) un-
der Hp and #H; are provided in Table 1. The perceived utilities and the probability weight-
ing parameter of the behavioral DA are set to v(ugy) = 1.1, v(ug1) = 0.6, v(u19) = 0.5,
v(u11) =1, and 8 = 0.45 (see (65) and (69)).

Table 1. The conditional probability mass functions of Y under Hy and #;.

True

T T T T
Hypothesis y =[0,0] y=[0,1] y=[1,0] y=[L1]
Ho 0.6 0.15 02 0.05
Hy 0.015 0.135 0.085 0.765
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In Figure 8, we highlight the boundary of P(A) with solid blue lines. The maximum
value of the behavioral utility ¢/ = 0.8181 is achieved with a pairwise probability vector
of p*(6*) = [0.17, 0.2486}—'—, which is shown with a red x sign. This pairwise probability
vector can be obtained by using a randomized decision rule that is given below:

5* = A1s1 4+ 2282 + 23683, (81)

where A1 = 0.0977, A2 = 0.4605, and A3 = 0.4418, and the decision rules 51, 5% and &2 are
specified as follows:

1 if L(y) < 0.425
T L (82a)
0 ifL(y) > 0425
1 ifL(y) > 09
gt L) (82b)
0 ifL(y) <09
1 ifL(y) > 09
gl iy = (820)
0 if L(y) < 09.

Since 82 and &° are constructed with the same weight vector, the optimal decision rule
given in (81) can be written as
5 = Aot 4 A%, (83)

where Al = 0.0977, A2 = 0.9023, and 6% is

1 if L(y) > 0.9
67 = {05103 if L(y) =09 (84)
0 if L(y) < 09,

which randomly selects 82 or 8> with probabilities 0.5103 and 0.4897, respectively. The pair-
wise probability vectors achieved by the decision rules specified above are marked in
Figure 8.

Alternatively, the decision rules given above can be expressed as

1 ify=10,0"
ot =1 Hy=[00 (85a)
0 otherwise

1 ify =[1,1]"
6 =205103 ify=1[0,1]" (85b)
0 ify € {[0,0]",[1,0]"}.
where 623 can be written as a randomization 6> and (53, which are given below:

1 ify=[1,1"
52 = nYy [_ ] (86a)
0 otherwise

}T

. T
5%2{1 ify e {017, 6t

1,17}
0 ifye{[0,0]",[1,0"}.

Note that y = [0,1] " is a boundary point of y for v2 = [1, 0.9] .
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Probability of Miss, pg1

x  Optimal
Optimal Randomized LRT
o Optimal Deterministic LRT

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Probability of False Alarm, pyq

Figure 8. Optimal pairwise probability vectors maximizing the behavioral utility for a case where the
optimal solution resides in the interior of the feasible set P(A) shown by the shaded area.

For comparison, we assume a scenario where the DA is restricted to employing either a
randomized LRT (i.e., an NP or flipped NP rule) or a deterministic decision rule as defined
in (11). In this case, the achievable pairwise probability vectors are limited to the boundary
and the extreme points of the set P(A), respectively. When a randomized decision rule
is employed, the maximum behavioral utility is &/ = 0.8155, achieved at the pairwise
probability vector p(8) = [0.13,0.163] '. This point is represented by a green triangle in
Figure 8 and corresponds to the decision rule §’ specified by

1, if L(y) > 0.9
51(y) = {05333, if L(y) =09, (87)
0, if L(y) < 0.9

which is implemented by randomizing between the deterministic decision rules 82 in (82b)
and 8° in (82c) with probabilities 0.5333 and 0.4667, respectively. Furthermore, if the DA is
restricted solely to deterministic LRTs, the maximum behavioral utility drops to &/ = 0.8105,
which is achieved by the decision rule §° defined in (82c). The corresponding pairwise
probability vector is indicated by a purple square in Figure 8.

In the second example, we set the DA’s probability weighting parameter to ¢ = 0.69 in
(65), and the perceived utility values of the DA are v(ugy) = 1.3, v(ug1) = 0.4, v(u19) = 04,
and v(u11) = 1.2. The optimal pairwise probability vector that yields the maximum behav-
ioral utility value, Y = 1.1341, is located on the boundary of the P(A) set. Furthermore,
since the boundary values of Y occur with non-zero probability, Lemma 2, Case (b) holds,
and the optimal decision rule is a randomization of at most two deterministic decision
rules. The optimal pairwise probability vector p*(§*) = [0.11,0.181] " is indicated by a red
‘x” in Figure 9, corresponding to the following decision rule:

1, ifL(y) >09
0i(y) =404, ifL(y) =09 (88)
0, ifL(y) <09,
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which employs the deterministic decision rules given below with probabilities 0.4 and
0.6, respectively:

- 1, ifL >09
Siy) = 4 E) (89a)
0, ifL(y) <09

1, ifL(y) > 09

(89b)
0, ifL(y) <09.

3 (y) =

If the DA is restricted to purely deterministic decision rules, the maximum behavioral

utility value drops to U = 1.1304, achieved by the deterministic rule § defined in (89a).

The pairwise probability vector corresponding to J is p(d) = [0.05,0.235] T, indicated in
Figure 9 by a purple square.

In the third example, we assume that the observation of the DA has a continuous dis-

tribution under both hypotheses, and the conditional pdfs of observation are given below:

Ho : Y ~N(0,1) (90)
Hi: Y ~N(m1), (91)

where m is the mean value of observations under H;. The probability weighting parameter
of the DA is set to @ = 0.5 in (65), and the perceived utilities are v(upy) = 1.2, v(up1) = 0.4,
v(uyp) = 0.6, v(u11) = 1.1 in (69). The maximum behavioral utility value that can be
achieved with a decision rule as characterized in Theorem 1 and a deterministic decision
rule as a function of m € [0,10] is given in Figure 10 with blue solid and red dashed
lines, respectively. For m < 2, the maximum behavioral utility that is achieved with
decision rules characterized using Theorem 1 and deterministic decision rules is the same.
For m > 2, the maximum behavioral utility that can be achieved with deterministic decision
rules begins to drop while the maximum behavioral utility that can be achieved using the
decision rules characterized in Theorem 1 stays the same.

To elucidate the performance gap between deterministic and randomized decision
rules, we depict the set P(A) form = 1, m = 2, and m = 3 in Figure 11. Deterministic
decision rules can only yield pairwise probability vectors that lie on the boundary of the
P(A) set; the deterministic vectors yielding the maximum behavioral utility for m = 1,2,3
are indicated by a magenta square, a green triangle, and a red star, respectively.

0.5

Probability of Miss, pg;

x  Optimal
Optimal Randomized LRT
o Optimal Deterministic LRT

! ‘ |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Probability of False Alarm, py

Figure 9. Optimal pairwise probability vectors maximizing behavioral utility for a case where the
optimal solution lies on the boundary of P(A).
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For m < 2, the optimal pairwise probability vector is located on the boundary of

the P(A) set; thus, deterministic rules and the rules characterized via Theorem 1 achieve

identical behavioral utility values. However, for m > 2, the optimal vector no longer

resides on the boundary, rendering it unachievable via deterministic rules. As m increases,

the P(A) set expands, causing the distance between the optimal interior vector and the

achievable boundary vectors to grow. This results in the observed decline in the maximum

utility achieved by deterministic rules. Conversely, t

he characterization in Theorem 1

enables the selection of pairwise probability vectors in the interior of P(A) through ran-

domization. Consequently, the expansion of the achievable set with increasing m does

not negatively impact the maximum behavioral utility achieved when using the proposed

optimal randomized rules.

0.94

Behavioral Utility, U
o
o ©
© =

0.89 i .
——— Optimal
— — — -Deterministic
0.88 I I I I I I | | |
0 1 2 3 4 5 6 7 8 9

Figure 10. Maximum behavioral utility as a function of the
performance achieved by the optimal (potentially randomiz
decision rules.

10

parameter m € [0,10], comparing the
ed) rules against purely deterministic

1 T T e

0.9 ----
0.8 r
0.7
0.6 [f
0.5

0.4

Probability of Miss, po;

0.3

= —

0.2

0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Probability of False Alarm, pg

Figure 11. The feasible set of all achievable pairwise probability vectors P(A), highlighting the

optimal vectors attained through randomized rules for specific values of m € {1,2,3}.
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6. Conclusions

In this paper, we present a comprehensive review of the general framework to char-
acterize the optimal decision rules for M-ary hypothesis testing, where the performance
metric is defined as a function of the pairwise (error) probabilities. This framework was orig-
inally developed in our previous work. The pairwise probabilities represent the probability
of selecting a specific hypothesis given that a different hypothesis is true. These pairwise
error probabilities are collected into a single vector, referred to as the pairwise probability
vector. Then, to identify the optimal decision rules, an indirect approach is adopted, which
focuses on the compact and convex set of all achievable pairwise probability vectors, P(A),
instead of optimizing a given performance metric over the infinite-dimensional set of all
possible randomized decision rules. By leveraging the topological properties of P(A), we
have presented a theorem that characterizes the structure of the optimal decision rules
based on the specific location of the optimal pairwise probability vector. It is established
that any achievable pairwise probability vector can be realized through a randomization of
at most two possibly randomized LRQs, each constructed with a specific set of parameters.

For M-ary hypothesis testing, an LRQ partitions the likelihood ratio space into M
decision regions, which are defined as convex polytopes. The distinction between deter-
ministic and randomized LRQs arises when an observation falls on a hyperplane that
separates polytopes corresponding to different hypotheses; in such cases, a deterministic
LRQ selects one hypothesis uniquely, whereas a randomized LRQ employs randomization.
Furthermore, we have demonstrated that any randomized LRQ can be expressed as a
randomization of at most M(M — 1) deterministic LRQs that utilize the same parameter
sets and differ only in their tie-breaking rules on the separating hyperplanes.

Several special cases have been highlighted in this work. First, if an optimal pairwise
probability vector resides on the boundary of the feasible set, a single LRQ (either deter-
ministic or randomized) is sufficient to achieve that performance. Second, if the likelihood
ratio vector is continuously distributed under all hypotheses, any optimal pairwise proba-
bility vector in the interior of the feasible set can be achieved via a randomization of two
deterministic LRQs corresponding to two distinct parameter sets. Finally, if the optimal
pairwise probability vector is an extreme point of the feasible set, a single deterministic
LRQ constitutes the optimal decision rule.

Moreover, we have evaluated a special case in which DA’s performance is measured
using a PT-based behavioral utility function. This metric incorporates perceived prob-
abilities and utilities, which are derived by applying non-linear probability weighting
and utility valuation functions to the objective probability and cost values, respectively.
Due to the inherent non-linearity of the probability weighting function, direct analytical
approaches often fail to reveal the optimal decision rules. Furthermore, it is established
that LRTs, which are optimal for rational performance metrics such as Bayes risk and the
NP criterion, may be suboptimal in a behavioral context. In these instances, the optimal
pairwise probability vector typically resides in the interior of the feasible set. As the pair-
wise probability vectors of standard LRTs are restricted to the boundary of the feasible set,
they yield suboptimal results for behavioral agents. However, this study establishes that
the randomized decision rules characterized by the presented theorem can successfully
achieve these interior pairwise probability vectors, thereby optimizing performance in non-
linear behavioral frameworks. We have corroborated the theoretical results with numerical
examples that consider both discrete and continuous observation distributions. In all
evaluated scenarios, the performance of the DA has been measured using the behavioral
utility function. These results demonstrate that the proposed method for characterizing
optimal decision rules yields performance metrics that are either identical or superior to
those achieved by standard LRTs.
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In summary, by consolidating these diverse scenarios into a single theory that leverages
the geometry of the set of achievable pairwise probability vectors, this work bridges the
gap between classical rational models, such as Bayes risk and NP criterion, and complex
behavioral frameworks. The flexibility of this representation ensures that, whether an
agent is operating under Bayesian risk or PT-based distortions, the optimal strategy can
be identified and implemented through a consistent, finite-dimensional optimization.
A possible avenue for future research is to focus on extending this unified representation to
sequential hypothesis testing, where the geometry of the feasible set evolves dynamically
over time.
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