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In this article, we develop power allocation strategies for asyn-
chronous visible light positioning systems employing light-emitting
diode arrays with the aim of improving localization accuracy. We
formulate an optimization problem for minimizing the Cramér—Rao
lower bound (CRLB) related to the estimation of the receiver location
subject to practical constraints on total and individual transmission
powers and required illumination levels. Due to the nonconvexity of
the proposed formulation, we devise a two-step methodology. First,
a convex optimization problem is employed to determine the power
allocation that maximizes the total received power. Subsequently, a
projected gradient descent algorithm is utilized to refine the power
allocation according to the CRLB metric under the power and illu-
mination constraints. In addition, a framework for iterative power
allocation and localization is developed for practical deployment, in
which each step of the optimization process uses the most recent posi-
tion estimate. Simulation results indicate that the proposed method
can outperform both the uniform and power-maximization-based
allocation schemes, resulting in improved localization accuracy over
a wide range of operating conditions. Hence, it can provide robust
and high-precision indoor positioning, even in circumstances involving
asynchronous transmission and stringent illumination requirements.
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[. INTRODUCTION

Visible light positioning (VLP) has gained considerable
attention as a promising alternative to radio-frequency (RF)-
based localization, particularly in indoor environments
[1], [2]. Leveraging light-emitting diodes (LEDs) as both
illumination sources and positioning anchors, VLP systems
provide precise localization by utilizing received optical
signals from LED transmitters at known locations [3]. Un-
like RF-based positioning, VLP benefits from unlicensed
spectrum, reduced interference, and specific line-of-sight
(LOS) properties of visible light, making it a suitable choice
for applications in smart environments, industrial automa-
tion, and intelligent transportation systems [4], [5].

For a given VLP system, theoretical limits on position
estimation accuracy and optimal estimators that (asymp-
totically) achieve those limits have been studied in nu-
merous studies in the literature such as [6], [7], [8], [9],
[10], [11], [12], [13], [14], and [15]. In [6], both received
signal strength (RSS) and angle-of-arrival (AOA) measure-
ments are employed within a visible light communication
(VLC) system with multiple LED transmitters and a single
receiver for 3-D localization. The study also derives the
Cramér—Rao lower bound (CRLB) based on RSS, specify-
ing 3-D positioning performance across various deployment
scenarios. Similarly, RSS and AOA are utilized in a 3-D
indoor positioning method involving a single LED array
and multiple VLC receivers in [7]. Two-dimensional VLP
based on RSS is explored in [10] and [11], assuming a
fixed receiver height. This setup employs an aperture-based
receiver, and the CRLB is derived to assess the effectiveness
of the proposed positioning algorithms. Moreover, Zhou
etal. [12] analyze the influence of non-line-of-sight (NLOS)
components, signal-to-noise ratio (SNR), transmission dis-
tance, and the number of LED sources on the performance
of RSS-based VLP systems, providing closed-form CRLB
expressions for both position and orientation estimation.
In [14], CRLBs and maximum likelihood (ML) estimators
are derived for both synchronous and asynchronous VLP
networks considering direct and two-step positioning ap-
proaches. It is shown that the two-step approach is equiva-
lent to the direct ML estimator for asynchronous VLP sys-
tems. In addition, Shen et al. [15] investigate joint position
and orientation estimation in RSS-based VLP systems using
multiple LED transmitters and multiple VLC receivers.

Once optimal estimators are designed for VLP systems
as in [14] and [15], further improvements on localization
accuracy can be achieved by optimizing the parameters
of LED transmitters. In particular, a key challenge in
VLP systems is to optimize the transmission parameters
of LEDs to enhance localization accuracy while consider-
ing practical system constraints such as power limitations
and illumination requirements. Previous research has fo-
cused on power allocation strategies for LED transmitters
to minimize localization errors by optimizing the CRLB,
thereby improving positioning performance under various
uncertainty models [16], [17], [18], [19], [20], [21], [22].
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Specifically, Keskin et al. [17] propose an optimal and
robust power allocation framework for LED transmitters
to minimize the localization error of VLC receivers while
satisfying practical power and illumination constraints. This
approach demonstrates significant improvements over uni-
form power allocation strategies by leveraging convex op-
timization and robust design principles. In [19], a robust
power allocation scheme is introduced that jointly optimizes
positioning accuracy and data throughput under random
positioning errors. By formulating a chance-constrained
optimization problem and deriving explicit relationships be-
tween positioning and channel state information uncertain-
ties, the authors transform these probabilistic constraints
into convex forms. The proposed approach yields superior
localization performance and communication reliability in
comparison with the conventional uniform or nonrobust
allocation strategies. On the other hand, Yazar et al. [20]
introduce a power-efficient positioning framework for VLC
networks by formulating a chance-constrained optimization
problem to minimize the total transmit power of LED arrays
while guaranteeing that the CRLB on localization errors re-
mains below a desired threshold with high probability. This
approach accounts for stochastic uncertainties in system pa-
rameters by imposing probabilistic (rather than determinis-
tic) constraints on localization accuracy and enables robust
performance improvements over both nonrobust methods
and uniform power allocation strategies. On the other hand,
resource allocation strategies based on CRLB minimization
have also been studied in the context of radar [23], [24].
However, the design of power allocation strategies for VLP
systems involves unique challenges and constraints that
distinguish it from radar-based approaches. First of all, the
channel characteristics differ fundamentally as VLP sys-
tems operate over optical channels modeled by Lambertian
radiation patterns unlike radar systems. Moreover, VLP sys-
tems simultaneously perform positioning and illumination
in indoor environments, subjecting them to illumination
constraints, which differentiates them from RF systems.
Overall, the CRLB optimization under illumination and
power constraints leads to a different problem from those
in the RF localization literature.

Although power allocation problems have been investi-
gated for VLP systems in the literature such as [17], [19],
and [22], there exist no studies that investigate optimal
power allocation for LED arrays in asynchronous VLP sys-
tems for minimizing the CRLB under power and illumina-
tion constraints. In this manuscript, we develop a new power
allocation technique for LED arrays in asynchronous VLP
systems, which effectively performs spatial beamforming
for improving localization accuracy by jointly optimizing
the power distribution among multiple LEDs within each
array. After formulating the proposed problem of power
allocation for LED arrays under practical power and illumi-
nation constraints, we solve it in two steps. We first find an
initial solution, which is obtained by solving a convex prob-
lem corresponding to received power maximization. Then,
we employ a projected gradient descent algorithm starting
from that initial solution by utilizing an explicit expression
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for the gradient term. In addition, we develop an iterative
version of the algorithm for practical scenarios where power
allocation and localization are performed iteratively.

The main contributions and novelty of this manuscript
are summarized as follows.

1) We propose a power allocation (effectively, beam-
forming) approach for LED arrays in an asyn-
chronous VLP system to minimize the CRLB on
position estimation under practical power and illu-
mination constraints.

2) Wederive a CRLB expression for position estimation
in terms of transmit power parameters of LED arrays,
which is a nonconvex function in general (unlike
the convex CRLB expression in [17] derived for
transmitters with single LEDs).

3) To obtain a solution of the nonconvex problem of
power allocation, we first focus on the problem of
received power maximization, which results in a
convex problem and provides an initial point for the
proposed nonconvex optimization problem. Then,
we explicitly calculate the gradient of the CRLB
and minimize it under the power and illumination
constraints via projected gradient descent.

4) For practical deployments, we propose an iterative
approach of power allocation and localization, where
the VLC receiver performs ML-based localization
and the power allocation is performed based on the
ML estimates.

Via simulation results, we demonstrate the effectiveness
of our proposed power allocation strategy in improving
localization performance compared to the conventional uni-
form power allocation and received power maximization
techniques.

[I. SYSTEM MODEL

We focus on a VLP system with N LED arrays, where
the ith LED array consist of L; LEDs fori =1, ..., N. The
location and the orientation vector of the jth LED in the
ith LED array are denoted by /; ; and n; j, respectively,
which are assumed to be known for all j € {1, ..., L;} and
ie{l,...,N}. We consider the localization of a generic
VLC receiver at an unknown location denoted by x, and
assume that the VLC receiver knows its orientation vector
denoted by 7z, which can be determined, for example, via a
gyroscope [17], [25].

Considering an asynchronous VLP system, in which the
VLC receiver is not synchronized with the LED arrays [14],
the aim is for the VLC receiver to estimate its unknown lo-
cation x based on power measurements of incoming signals
emitted by the LED arrays. We propose a system in which
the LEDs in each LED array transmit the scaled version
of a base signal simultaneously during each localization
interval. More specifically

s5i, (1) = Jwi j5:(t) (D
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Fig. 1. Block diagram of the ith LED array in the considered VLP

system, where i € {1, ..., N}.

represents the transmitted optical signal from the jth LED
in the ith LED array, where w; ; > 0 is the transmit power
parameter and 3;(¢) denotes a base signal for the ith LED
array, which satisfies fOT” 352(t)dt/T,; = 1 with [0, T, ;] rep-
resenting the interval for the support of 5; fori =1, ..., N.
The block diagram for an LED array is shown in Fig. 1.

Assuming a certain type of multiplexing approach, e.g.,
frequency or code division multiplexing, the VLC receiver
observes the signals coming from the LED arrays sepa-
rately [26], [27]. Also, as in [8], [14], [15], [28], and [29],
only the LOS signals between the LEDs and the VLC
receiver are considered.! Accordingly, the signal received
at the VLC receiver due to the signals from the ith LED
array can be modeled as follows:

L;
ri(t) =R, Zhi,/\/ w; ;5 — 1)+ 7:i(t) 2)

J=1

forief{l,...,N}and ¢ € [T1;, T,], where T; and T, ;
specify the observation interval for the signal coming from
the ith LED array, R, is the responsivity of the photodetector
at the VLC receiver, h; ; is the channel gain of the signal
between the jth LED in the ith LED array and the VLC
receiver, t; ; is the time-of-arrival of the signal emitted by
Jjth LED in the ith LED array, and #;(¢) is zero-mean white
Gaussian noise with a spectral density level of o2,
Considering practical indoor environments and LED
array sizes, the duration of the optical signals in (1) is com-
monly much longer than the differences among the TOA’s
of the incoming signals from a given LED array; namely,
among 7; 1, ..., 71, Therefore, 5;(t — 7; ;) ~ 5;(t — ;) for
j=1,...,Liforeachi € {l,..., N}, where 7; can be set

't is noted that although multipath reflections exist in practical indoor
environments, the LOS component is typically dominant in VLP sys-
tems [7], [8]. Furthermore, incorporating complex multipath channel
models would render the derivation of closed-form CRLB expressions
and the subsequent nonconvex optimization framework computationally
intractable. Therefore, consistent with the theoretical VLP literature, this
work focuses on the LOS regime. The investigation of multipath effects
and hardware imperfections are left as a future research direction.
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toone of 7; 1, ..., 7 1,. Accordingly, (2) can be stated as

L;
ri(t) =R, Zhi,j«/wi,j 5 — )+ 7). (3
=1

Since 7;’s are unknown in asynchronous VLP systems, the
power of the received signal in (3) can be obtained by
correlating it with 3;(t — ) for all possible T values and
determining the peak value, as described in [14]. Con-
sequently, the received power measurement at the VLC
receiver due to the signal from the ith LED array can be
modeled as follows (after some normalization to remove
the constant terms for simplifying the notation) [9], [25],
[301, [31]:

L;
Pexi= Y hijJwii+n, i=1,...,N (&

j=1

where 7, is a zero-mean Gaussian noise component with a
variance of o, which is independent of 1 jforall j # i[31].
The channel gain /; ; in (4) can be expressed as

_ (mij+ DA (cos i ;)™ Tu(ri, g ;) cos ¥ ;

h,‘j =
2 ||lx — 1 j1|?

)

where m; ; is the Lambertian order for the jth LED in the
ith LED array, A is the area of the photodetector at the
VLC receiver, ¢; ; and v; ; are, respectively, the irradiance
angle and the incidence angle for the LOS path between
the jth LED in the ith LED array and the VLC receiver,
and T;(¥) and g(1) are, respectively, the optical filter gain
and the optical concentrator gain at the VLC receiver [30].
It is common to have a design with Ty(y)g(y) being a
constant [30]; hence, it can be set to unity to simplify the
notation. Although the preceding expressions are presented
as if all the LEDs are in the field-of-view (FOV) of the
photodetector at the VLC receiver, these formulations can
still be used if some LEDs are not in the FOV of the photode-
tector by excluding those LEDs from the CRLB expressions
in Section III-A. (Commonly, the LED transmitters are at
the ceiling of a room, and the VLC receiver is close to
the floor level pointing upwards and having an FOV of 90°
by using a hemispherical lens [32], [33]. Hence, most of
the LEDs are in the FOV of the VLC receiver in practical
applications.)

By calculating the angles in (5) based on the geo-
metric relations of (x — l,-’j)Tn,-,j = |lx —1; j|| cos ¢; ; and
d;; —x)n= Il; ; — x| cos ¥; ;, the channel gain in (5)
can be expressed as follows:

po = DA (0 =L mi)™ Wiy —x)'A
L,] — 271||x _ li,j||m"”'+3

(6)

[ll.  POWER ALLOCATION FOR LED ARRAYS

By adjusting the transmit power parameters w; ; in (4),
the LED arrays can effectively form beams in specific
directions. The aim is to design these power parameters
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of the LEDs in each LED array for enhancing the local-
ization accuracy. Since the design for a specific position
estimator would not be practical, we consider a theoretical
performance metric based on the Fisher information matrix
(FIM) related to estimating the position of the VLC receiver.
Such approaches have been used in the literature extensively
due to their practicality, generality, and asymptotic relation
to ML estimation [34]. In this manuscript, we consider
the minimization of the trace of the inverse FIM, i.e.,
CRLB, which provides a lower limit on mean squared errors
(MSESs) of unbiased estimators. It is known that the MSE of
the ML estimator converges to the CRLB in the high SNR
regime [35].

A. Derivation of CRLB

To derive the CRLB for the proposed setting, we
first consider the received power model given in (4)
and obtain the log-likelihood function for the un-
known position x based on the received power vector
Prx = [Prx.1 - .- Prx.v]” (i.e., the logarithm of the condi-
tional probability density function of Prx given x) as [35]

2

A(x) k Z 20_ PRXl Zhl ja/ Wi, j (7)

j=1

where £ is a normalizing constant that does not depend on
the unknown parameter vector x.
The CRLB on the variance of any unbiased estimator
X for the location of the VLC receiver x can be expressed
as [35]
E{|I% — x|’} < trace {J'(x)} (8)
where J(x) is the FIM for x, which is defined as
J@) = E{(VaA@) (Ve A@)' } . €)

Here, V,A(x) represents the gradient of A(x) in (7) with
respect to x = [x; x, x3]7. The elements of the FIM in (9)
can be expressed as

(10)

oA oA
ICOT k= E{ ) ﬁ}

3ku 3)Ck2
for k, ko, € {1, 2, 3}, which can be calculated based on (7)
as follows:

N

(I, 1= Z

i=1

Zm . Zm

E)xk

(11
In (11), the partial derivatives are given by [25]
al’l,’j —(m,-j + DA |: T m
o : 7 — 1, ) )™
e Bl Ly U ()
m; ,’—1 -
—mjjnji (=1 ) ni )™ iy —x)"
(mij + 30 — Lijuo) (e = 1) mi j)™ i j — )"
+ _ |
e —1i
(12)
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where i, n; jx, and [; j x denote the kth elements of iz, n; ;,
and [; ;, respectively.

By defining /w; £ [\/w;;---/wir]" as the vector
of transmit power parameters for the ith LED array and
hi=1hi -h LI,]T as the channel gain vector related to the
LEDs in the ith LED array and the VLC receiver, we can
state (11) as follows:

dh; oh]
axk, 8xk2

IOkt = Z J_( )ﬁ (13)

The expression in (13) can be written as

N
ks, = »_ wi' Hy o /Wi (14)

i=1

) h

= (Bxk . ). As aresult, we can obtain the

where H }( o=
FIM as

V' H Ju Jw HiJw Jw HsJw
Jo=| V' Hy 1w Vo' HypJw o' Hyzw
Vo Hy o Jw HspJw Jw Hssw

(15)

Whereﬁé[«/w_lT...a/wNT]T

Hy, i, = blkdiag (H; ;. ...,

and Hy, 4, is given by
H} ). (16)
That is, Hy, , is a block diagonal matrix whose blocks are
H}q’kz fori=1,...,N.

The FIM given in (15) can be written in a compact form
as

I = (e V) H (1 ® Vw)

where I is the 3 x 3 identity matrix, ® represents the
Kronecker product, and H is a block matrix whose blocks
are the Hy, ;, matrices; i.e.,

an

H,, H, H;
H=\|\H,, H,, H; (18)
H;, H;, Hijj;

The aim is to minimize the CRLB in (17) subject to
practical power and illumination constraints, which are
described next.

B. Power Constraints

For LEDs to operate in the linear region and to achieve
efficient electrical to optical conversion, lower and upper
limits can be imposed on the transmit powers [17]. Accord-
ingly, the transmit power parameters are constrained as

low < w; J < quP (19)

Wi j
forall je{l,...,L}andi € {1,..., N}, where wloj‘” and
w;‘;p denote the lower and upper bounds, respectively. The
constraints in (19) can also be expressed in the vector form

as

wY < w < w'PP (20)
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by forming w'® and w"P in the same manner as w, which

is defined as w = [w! ... wl]” with w; & [w;; - w; 17
In addition to the individual power constraints in (20),
there also exist total power constraints related to power
consumption and human eye safety considerations [17],
which can be stated as

L;

tot
E wij = w;
j=1

fori =1, ..., N. The total power constraints in (21) can be
written in the vector form as

2D

Bw < w™ (22)
where w® £ [w!t- .. wi']” and
B £ blkdiag (17,.....1] ) (23)

with 1;, denoting a column vector of L; ones.

C. llumination Constraints

As visible light systems are commonly utilized for illu-
mination purposes as well, individual and average illumina-
tion constraints should also be considered. The horizontal
illuminance at location y produced by the jth LED in the
ith LED array can be calculated as follows [17]:

Toh s wi ) = /W5 0150 (24)
where
(m;,j + Dk JE, Opt
‘/’i,j(.V) = T
5 ((y=1i)"ni )™ i ;3) —y(3) 25)
ly —1; j|mi+3

with «; ; representing the luminous efficacy (Im/W) of
the jth LED in the ith LED array, E/% denoting the

optical power of the base signal in (1), that is, £/ £

f '3, j(t)dt /Ty, and 1; ;(3) and x(3) being the third com-
ponents of I; ; and x, respectively. Therefore, the total
illuminance aty generated by all the LEDs can be calculated
as

N

L
Tiay. w) =Y Y i ¢ij(y) =

i=1 j=1

Ju' o(y)  (26)

where @(y) represents the illuminance coefficient vector,
defined as

e Z (1) o1 (M ona (W) en (M.
(27)
If there exist M locations denoted by y,, ..., Yy, where

illuminance constraints are to be satisfied, the following set
of constraints can be stated:

Vo' o) =T, e el

with Z, specifying the illuminance constraint for location
Ye-

. M) (28)
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In addition to the individual illumination constraints in
(28), there can also exist an average illumination constraint
over a region in the positioning environment. The average
illuminance can be specified as follows [17]:

[ @i (y)dy
ZZJ_ 2

i=1 j=I

Tave(w) = (29)

where R denotes the region over which the average illu-
minance constraint must be satisfied, and |R | represents its
volume. Then, the average illuminance constraint can be
stated as

\/ET¢R Z j-avg (30)

where  @p £ |R|_1[fR eri(y)dy - -- [R oL, (y)dy--- fR
on ()Y -+ [ Ny (3)dyl" and I, specifies the
average illuminance constraint.

D. Optimization Problem and Proposed Solution

Considering the power and illumination constraints
given by (20), (22), (28), and (30), and the CRLB expression
specified by (8) and (17), we propose the following problem
for optimizing the transmit powers of the LEDs:

minimize trace {((I3 ®vu) H(L® ﬁ))_l} G1)

subject to W < w < w'P (32)
Bw < w™ (33)
Vo'oy) =T, te(l,... M) (34)
V' o = T (35)

where @(y,)’s are defined as in (27) and @5 is as in (30).
The power constraints in (32) and (33) are linear. The
illumination constraints in (34) and (35) are convex since the
left hand sides of these constraints depend linearly on /w,
which is a concave function, and are lower bounded [36].
Hence, the illumination constraints specify convex sets.
However, the objective function is not convex in general.
Therefore, convex optimization techniques cannot directly
be applied to this optimization problem to obtain its solu-
tion.

At this point, two main approaches can be considered to
obtain a solution of (31)—(35). The first approach is to apply
a global optimization algorithm such as particle swarm
optimization (PSO) [37] to obtain a solution. However,
the globally optimal solution is not guaranteed via this
approach and it can have high complexity when the total
number of LEDs is high. Therefore, an alternative approach
is proposed as follows.

1) Step 1: Obtain the optimal transmit power parame-
ters that maximize the total received power at the
VLC receiver under the constraints in (32)—(35)
based on a convex optimization problem.

2) Step 2: Use the solution of the power total maximiza-
tion problem as the initial point for (31)—(35) and
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implement a constrained gradient descent algorithm
to obtain the solution.

The main idea behind the proposed algorithm is that
maximizing the total received power at the VLC receiver can
in general improve the localization accuracy [25, Sec. III].
Therefore, it can be considered to obtain a solution that
achieves a close CRLB to thatachieved by the solution of the
original problem in (31)—(35). Hence, using the solution of
the total received power maximization problem as an initial
point, it can be possible to reach/approximate the solution
of (31)-(35) via a gradient descent algorithm (although
the globally optimal solution may not be guaranteed in all
cases).

In Step 1 of the proposed approach, the aim is to maxi-
mize the total received power, which is given by

N L;
DDAV

i=1 j=1

(36)

whereh £ [h] - - hy]". Therefore, the following optimiza-
tion problem is to be solved in Step 1:

.. T
maximize /w h
w

subject to (32)—(35). (37)

It is noted that the objective function in (37) is a concave
function of w. Therefore, its maximization over the convex
set of constraints in (32)—(35) leads to a convex optimization
problem. Hence, this problem can be solved rapidly via con-
vex optimization algorithms (e.g., interior point methods)
to obtain its globally optimal solution [36].
Let wi;, denote the solution of (37). Then, in Step 2 of
the proposed approach, the problem in (31)—(35) is initial-
ized with w}, and a constrained gradient descent algorithm
is run for obtaining the solution. Before specifying the de-
tails of the proposed algorithm, the gradient of the objective
function in (31) is presented in the following lemma:
Lemma: Let C(x, w) denote the objective function in
(31), i.e., the CRLB expression. Then, the partial derivative
of C(x, w) with respect the £th element of w is given by
@ W) _ ace {—J—l(x)@rl(x)}
ow ¢

By (38)

where J(x) is as defined in (17) and an%() is calculated as

L
BJ(x)} 1 2
= /W, j
|: dwe 1y 1 zgr%h/wn1,€—2:"=_llL, ,21:

Bxkl axkz
i ahm,Z—Z;”:_I' L; 8hm,j) (39)
8ka E)xk,

if e (Y0 Li+1,...,20 L) for me{l,...,N},
with ki, k» € {1, 2, 3}.

Proof: Since the CRLB is given by C(x,w)=
trace{J~!(x)}, its partial derivative with respect to w, can
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Algorithm 1:

1: Let ¢ and T denote, respectively, the step size
and the number of steps for gradient descent.
2:  Let S denote the set of w that satisfy (32)—(35).

3:  Solve (37) via an interior point algorithm [36]
and obtain its solution denoted by w; ;.
4: w® — wk,
50 wop < w®
6: fort=1toT do
7o w® «— wD — ¢ V,Cx, wD)
8: ifw® ¢ S then
9: w® < arg min||w" — w||
weS
10: end if
11:  if Cx, w®) < C(x, woy) then
12: Wop; < w®
13: end if
14:  end for

15: Return wep.

be expressed as in (38) [38]. Then, the partial derivative of
J(x) with respect to w, can be obtained based on (11) after
some manipulation as follows:

[BJ(x)} _ 1
owe Ji 1, 202 fW,, (s,

Oy gyt o O, ;
% > i=1 i /—wm - m,
( 8xkl = J 8xk2
oh,, -y, Lun ol .
mn, i=1 i ,_m - m,J 40
" 02z, j=1 o dx, ) 0

if e (X Li+1,..., " L} for me{l,...,N}
where ki, k, € {1, 2, 3}. Then, reorganizing the terms in the
parentheses in (40) yields the expression in (39). O

Based on (38) and (39) in the Lemma, the gradient of
the objective function in (31) can be obtained as

T
0Cx, w)  ICG, w):| o
3w1

VuClx, w) = |: Y
Zi:l L;

By using the gradient of the objective function, Algorithm 1
presented as follows is implemented to obtain a solution of
(31)—(35).

The projection operation in line 9 of Algorithm 1 is
performed to keep the solution in the feasible region, which
is a common approach for constrained gradient descent
algorithms called projected gradient descent [36]. It is noted
that this projection operation corresponds to a convex opti-
mization problem since S is a convex set and the objective
function is convex.

The complexity of Algorithm 1 is mainly determined by
the complexity of solving the convex optimization problems
for projection (which occurs at most 7' times, with 7' denot-
ing the number of steps in the gradient descent algorithm),
and the calculations of the gradient in line 7 and the CRLB
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inline 11 of Algorithm 1. In general, the CRLB and gradient
calculations have lower computational complexity than the
projection operation in line 9 since their complexity mainly
depends on the complexity of 3 x 3 matrix inversion [see
(31) and (38)], whereas the projection operation involves
convex optimization overa Y | L; dimensional space with
vaz , L; being a large number in most practical cases (e.g.,
16 in the simulations in Section IV). Considering the interior
point method for solving the convex optimization problem,
the projection operation has a worst case complexity of

O, L)).

E. Iterative Power Allocation and Localization for Practi-
cal Implementation

The optimization problem formulated and solved in
Section III-D requires the knowledge of the location x of the
VLC receiver, which is not available in practice. For track-
ing applications, the position estimate of the VLC receiver
in the previous time step can be employed to implement
the proposed algorithm (Algorithm 1). Then, the obtained
power parameter vector w can be used to transmit signals
from the LEDs [see (1)] and the resulting received powers,
denoted by Prx 1, - . ., Prx n, are observed as in (4). Based
on these received powers, the ML estimator, which can be
obtained from (7), is implemented as follows:

2
N 1 L;
X = argmln E - PRX,i — E ]’llj w,‘,j
x : g; -
i=1 ! Jj=1

£ argmin G(Prx, w) (42)

where h;; is a function of x as specified in (6),
w; ;’s correspond to the elements of w; that is, w =
[wi g wig - wyg - wy ], and Prx = [Prx1 - - -
Prx.v17, as defined before.

In the absence of tracking (i.e., without any prior knowl-
edge about the position of the VLC receiver), localization
and power allocation can be performed in an iterative
manner by implementing the following Ns-step algorithm,
called Algorithm 2.

For the random initialization of the power parame-
ter vector in Algorithm 2, one reasonable choice can be
uniform (equal) power allocation, i.e., w; ; = w;*/L; for
j=1,...,Liand i =1,...,N if it is feasible [that is, if
it satisfies (32)—(35)]. Also, as the noise variances decay
to zero, the performance of the position estimator in Algo-
rithm 2 is expected to converge, in a few iterations, to that
of the ML estimator which is based on the power parameter
vector obtained by assuming the knowledge of the position
of the VLC receiver (i.e., obtained via Algorithm 1). This
expectation stems from the asymptotic optimality properties
of the ML estimator [25], [35].

Remark 1: The proposed iterative algorithm adapts the
transmit power parameters at the frequency of the naviga-
tion loop. While rapid changes in optical power can theoret-
ically introduce perceptible flicker, the proposed framework
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Algorithm 2:

1: fork =1toNgdo
2: if k = 1 then

3: Set w randomly to a point w'! in feasible
region specified by (32)—(35).

4: else

5: Use £*~1 as VLC receiver position and

implement Algorithm 1 to obtain the power
parameters, which are denoted by w®.
6: end if
7 Transmit signals from the LED arrays
according to the power parameters in w® [see
(1)]. Let the corresponding received powers in
(4) be denoted by Pg‘))( = Pg;g’l, e PI%(), Nl
8: Implement the ML estimator for the position
of the VLC receiver based on Py and w® as
follows:

2® — aremin G (pg;, w(k)) (43)
X
with G(-) being defined as in (42).
9: end for
10:  Return woy and £

mitigates this through two mechanisms. First, in practi-
cal navigation scenarios, the receiver’s physical location
changes continuously rather than abruptly; consequently,
the optimal power allocation vector evolves smoothly over
consecutive iterations, minimizing sudden intensity jumps.
Second, the optimization problem explicitly enforces lower
bound constraints and minimum illumination requirements,
ensuring that LEDs never enter an off-state during opera-
tion, thereby preventing flickering. O

Since Algorithm 2 employs Algorithm 1 in each itera-
tion, its complexity burden on the VLP system for setting
the parameters of the LED arrays is (Ng — 1) times that
of Algorithm 1 (—1 is due to the use of the random (or,
uniform) power allocation approach in the initial step).
Consequently, the overall worst case computational com-
plexity for the power allocation updates corresponds to
O((Ns — (X, L;)*). On the other hand, the ML estima-
tor is implemented at the VLC receiver as in (43), solving
which requires a 3-D search over the indoor environment.
(Since G is not a convex function of x, exhaustive search
with a certain resolution can be performed.) It should also
be noted that the VLC receiver informs the VLP network
about its ML position estimate so that the power allocation
can be optimized for the next iteration.

IV.  SIMULATION RESULTS

In this section, we conduct simulations for illustrating
the improvements achieved through the proposed power
allocation approach and the iterative power allocation and
localization approach. The indoor localization environment
considered in the simulations is a room with dimensions
20 x 20 x 5m>, where the lower left corner of the
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Fig. 2. VLP system considered in the simulations, where there exist
four LED arrays each consisting of four LEDs. The VLC receiver is
placed at two different locations in Scenarios 1 and 2 as shown in the
figure. The dashed lines are used to illustrate the orientation vectors of
the LEDs more clearly.

room is considered as the origin, [0 O 017, as shown in
Fig. 2. There exist N =4 LED arrays on the ceiling of
the room, which are centered at [555]" m, [1555]" m,
[5155]" m, and [15155]" m for LED arrays 1, 2, 3, and
4, respectively. Each LED array consists of four LEDs,
ie., L; =4 fori=1,2,3,4. The four LEDs in each array
are placed with a distance of £5 cm with respect to
the center of the LED array in the x- and y-directions.
In particular, the locations of the LEDs in LED array
1 are 1, =[5.055.055]", 1,,=[5.054.955]", 1,5 =
[4.955.05 5]7, and I, 4 = [4.95 4.95 5] m. Similarly, the
locations of the LEDs in LED array 2 are I,; =
[15.055.05 517, 1, =[15.054.955]", [,3=[14.95
5.055]", and I,4 =[14.954.955]" m, those in LED
array 3 are I3, = [5.05 15.05 5]7, 15, = [5.05 14.95 5]7,
I35 =[4.9515.055]", and I34 = [4.95 14.95 5]" m, and
those in LED array 4 are I, = [15.0515.055]", 14, =
[15.05 14.95 517, 143 =[14.9515.055]", and Il,4=
[14.95 14.95 51" m. It is noted that the LED arrays are
placed at the centers of the four 10m x 10m squares
that divide the ceiling of the room into four equal
areas. The orientation vectors of the LEDs in the LED
arrays are arranged such that each LED is pointed
toward the closest of the 16 points which correspond
to the centers of the 5m x 5m squares on the floor
shown in Fig. 2. For example, the LED at location
1,1 =[5.055.055]"m is oriented towards [7,5 7.5 0]" m.
Due to the symmetry, the LEDs in each array have the same
set of four orientation vectors, which can be calculated
as n;; = [0.4028 0.4028 — 0.82191", n;, =[0.4028 —
0.4028 — 0.8219]7, n;3 = [—0.4028 0.4028 — 0.8219]7,
and n; 4 = [—0.4028 —0.4028 — 0.8219]" for i =1, 2,
3, 4. The setup of the LED arrays is illustrated in Fig. 2,
where the dashed lines are used to demonstrate the
orientations of the LEDs.

To investigate the performance of the proposed ap-
proaches in different conditions, we consider two scenar-
ios for the location of the VLC receiver. In Scenario 1,
the VLC receiver is placed at x = [14 6.3 1.9]" m while

6822

Authorized licensed use limited to: ULAKBIM UASL - Bilkent University. Downloaded on September 08,2026 at 05:48:01 UTC from IEEE Xplore. Restrictions apply.

TABLE I
Simulation parameters [17], [39], [40]

Responsivity of photodetector, R, 0.4 mA/mW
Area of photodetector, A 1 cm?
Noise spectral density level, o2 10~15 W/Hz

LED Lambertian order, m; ; Vi,j 1

LED luminous efficacy, x4 ; Vi, j 284 Im/W
Min. LED optical power parameter, wi‘j’J"" Vi, j 5W
Max. LED optical power parameter, w;f;p Vi, j | 20 W
Individual illuminance limit, Z,, £ =1,2,3,4 30 Ix
Average illuminance limit, favg 30 Ix

it is at x =[551]" m in Scenario 2. In both scenarios,
the orientation vector of the VLC receiver is given by
it =[00 1]7, i.e., it has a perpendicular orientation. The
location and the orientation of the VLC receiver are shown
in Fig. 2 for each scenario. Since the LEDs in the LED
arrays have various locations and orientations, some of
them may not be in the FOV of the VLC receiver in a
given scenario. Specifically, in Scenario 1, the jth LED of
the ith LED array is not in the FOV of the VLC receiver
if (@, j) € {(1,3),(1,4),(3,3), (4, 1), (4,3)} while all the
other LEDs are in the FOV. Similarly, the LEDs that are not
in the FOV of the VLC receiver in Scenario 2 are speci-
fied by indices (7, j) € {(2, 1), (2,2), (3, 1), (3, 3), (4, 1)},
where i and j denote the indices of the LED array and
the LED, respectively. Regarding the individual illumina-
tion constraints in (34), M = 4 locations are specified as
y=0511"m,y,=[15511"m, y; =[515 11" m, and
vy, =[15151]1" m. Hence, certain illumination levels
should be guaranteed at these four locations. On the other
hand, the average illumination of the room is computed as
specified in (29) and the computation is performed over the
horizontal plane of the room the height of which is set at
1 m. Moreover, in accordance with [17], [39], and [40], the
VLP system parameters employed in the simulations are
given in Table I.

In the simulations, the total power constraints for the
LED arrays are taken to be equal, i.e., w{* = w'", for i =
1,2, 3, 4. To provide a comparative performance evaluation
of , the transmit power parameters are calculated based on
the following three approaches:

1) uniform (equal) transmit power parameters (i.e.,
w;j =w/Lifori, j=1,2,3,4);

2) power maximization approach in (35), which is
solved via CVX in MATLAB;

3) Algorithm 1 specified in Section III-D.

Then, the CRLBs achieved by using these transmit
power parameters are obtained. In addition, the root-mean
squared errors (RMSEs) of the ML estimators in (42) are
calculated when the transmit power parameters obtained
from these three approaches are used. Figs. 3 and 4 illustrate
the CRLBs and the RMSEs of the ML estimators for these
three approaches versus w' considering the two scenarios
for the location of the VLC receiver. Algorithm 1 utilizes
a convergence criterion to determine the optimal stopping
point. The iterative process terminates when the relative
decrease in the CRLB between consecutive steps falls below
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TABLE I

Transmit Power Parameters Obtained From the Power Maximization Approach and Algorithm 1 for Scenario 1

(w1,1,w1,2, w13, w1,4)

(w2,1,w2,2, w23, w2 4)

(ws3,1, w32, ws,3, w3 4)

(w41, wq,2,ws,3,Wq,4)

Power max., wt°t = 40

(17.6,12.4,5,5)

(9.64,5,17.57, 7.79)

5,12.95,5,17.05)

Algorithm 1, w'*? = 40

(17.6,12.4,5,5)

(5,20, 5, 10)

(8.14, 20, 5, 6.86)
(8.14, 20, 5, 6.86)

5,13.51, 5, 16.49

Power max., wt = 60

(20,20,9.16, 9.14)

(18.68, 6.22, 20, 15.1)

(18.6, 20, 5, 16.4)

Algorithm 1, w* = 60 | (20,20,9.16,9.14)

(5,20, 5, 20)

Py iy iy iy

)
9.14, 20, 9.16, 20)
)

(18.6,20, 5, 16.4) 9.14, 20, 9.16, 20

The transmit parameters of the LEDs that are not in the FOV of the VLC receiver in Scenario 1 are indicated with blue color.
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Fig. 3. RMSE:s of the ML estimators and the CRLBs corresponding to
uniform, power maximization, and proposed (Algorithm 1) power
allocation strategies with respect to w' for Scenario 1.
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Fig. 4. RMSE:s of the ML estimators and the CRLBs corresponding to
uniform, power maximization, and proposed (Algorithm 1) power
allocation strategies with respect to w'" for Scenario 2.

a predefined tolerance of € = 2 x 1072 (i.e., less than 0.2%
improvement). Table III summarizes the convergence be-
havior, reporting the number of iterations and total runtime
required to meet this criterion for varying power constraints.
The results demonstrate rapid convergence, with the algo-
rithm typically requiring less than or equal to 20 iterations
and executing in subsecond time frames. All simulations
were performed on a standard personal computer equipped
with an Intel Core i7 processor and 16 GB of RAM. It
is important to note that the reported run times include
significant parsing and modeling overhead from the CVX
framework. Since CVX is optimized for flexibility and ease
of implementation rather than execution speed, these values
represent a conservative upper bound on computational
complexity. In practical deployments, replacing CVX with
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TABLE III
Runtimes and the Number of Gradient Steps Before Convergence
of Algorithm 1 for Scenario 1

Total Power Step 2: Refine Total Runtime
Constraint (w'™!) (Projected Gradient) (s)
30.00 W 12 0.722 s
40.00 W 20 0.639 s
50.00 W 20 0.539 s
60.00 W 16 0.625 s
70.00 W 10 0.392 s
80.00 W 3 0371 s
Average 13.5 0.548 s
TABLE IV

Average Runtimes and Average Number of Gradient Steps of Algorithm
1 for Different Numbers of LEDs in the Network

Network Size Total Avg. Gradient Avg. Total
(N x Lg) Variables Steps Runtime (s)
16 LEDs (4 x 4) 16 13.3 0.548 s
32 LEDs (4 x 8) 32 19.6 0.685 s
64 LEDs (4 x 16) 64 21.5 0.983 s

optimized, low-level solvers (e.g., C/C++) would eliminate
this bottleneck, substantially reducing execution time.

To evaluate scalability, Table IV presents the aver-
age runtime and convergence behavior for increasing net-
work sizes. The results demonstrate favorable computa-
tional scaling: quadrupling the number of optimization
variables (from 16 to 64 LEDs) increases the average
runtime by less than a factor of two (from 0.548 s to
0.983 s). This confirms that the proposed algorithm remains
computationally efficient and feasible even for dense VLP
deployments.

Fig. 3 demonstrates that when the VLC receiver is
placed as in Scenario 1, the proposed approach can yield
substantial enhancements in comparison to the power op-
timization approach and the conventional uniform power
allocation approach in terms of both the CRLB and ML
estimation performance.> These enhancements are more
pronounced at higher values of w'®* since all the approaches
yield the same result of assigning 5 to all the transmit power

2Since the possible locations for the VLC receiver within the room are
constrained to a volume of 20 x 20 x 5m?>, the ML estimator conducts
a search within this designated space. On the other hand, the CRLB
derivations do not presume any a-priori knowledge about the location of
the VLC receiver. Hence, the RMSEs of the ML estimator may be lower
than the CRLBs in noisy cases as in Fig. 3.
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TABLE V

Transmit Power Parameters Obtained From the Power Maximization Approach and Algorithm 1 for Scenario 2

(w1,1, w12, w13, w1,4) | (w21, w22, w23, w24) | (w31, w32, w33,w34) | (Wi,1,ws,2,ws,3,Wa,4)
Power max., w® =40 | (10, 10, 10, 10) (5,5, 15,15) (5,15,5, 15) (5,7.5,7.5,20)
Algorithm 1, w™ = 40 | (10, 10, 10, 10) (5,5,15,15) (5,15, 5, 15) (5,7.5,7.5,20)
Power max., w'®" = 60 | (15, 15, 15, 15) (9.15,9.12, 20, 20) (9.15,20,9.12, 20) (5,17.5,17.5, 20)
Algorithm 1, w® = 60 | (15, 15, 15, 15) (9.15,9.12, 20, 20) (9.15,20,9.12, 20) (5,17.5,17.5, 20)

The transmit parameters of the LEDs that are not in the FOV of the VLC receiver in Scenario 2 are indicated with blue color.

parameters when w'®" = 20 (since w}" = 5 and w;"’ = 20
foralli, j). From the results in Fig. 3, itis inferred that maxi-
mizing the received power at the VLC receiver location does
not always lead to the optimal localization performance. For
further elaboration, Table II presents the transmit power pa-
rameters obtained from the power maximization approach
and Algorithm 1 for Scenario 1 when w' is set to 40
and 60. Upon the examination of the values in the table,
it is observed that although both of the approaches yield
similar values for LED array 1, LED array 3, and LED
array 4, the transmit power parameters for LED array 2 are
significantly different. It is noted that LED array 2 is the
closest LED array to the VLC receiver in Scenario 1. The
proposed approach (Algorithm 1) prioritizes maximizing
the transmit power parameter of the second LED of that
array over others, while ensuring that the transmit power
parameters of the first and third LEDs of the array are
maintained at their minimum. It is important to note that
when w'" = 60, the transmit power parameter set for LED
array 2 is (5, 20, 5, 20) according to Algorithm 1, resulting
in a total power of 50, which is lower than the specified
total power constraint of 60. The underlying cause of this
phenomenon can be attributed to the fact that the efficacy
of the localization process is contingent upon the power
sensitivity of the power measurements with respect to the
location of the VLC receiver; hence, it depends on the partial
derivatives in (12). Since these partial derivatives can have
opposite signs for different LEDs in a given array, increasing
the power of an LED can sometimes have a destructive
effect on the localization performance [25]. Due to this
behavior, the proposed approach (Algorithm 1) converges
to its optimal value at around w' = 50. Increasing the
total power constraint above this level does not significantly
improve the CRLB as seen in Fig. 3. In Table II, the
transmit power parameters of the LEDs that are not in the
FOV of the VLC receiver in Scenario 1 are marked with
blue color. In most cases, the minimum transmit power
parameter of 5 is assigned to those LEDs. However, when
w' = 60 and the transmit power parameters of the other
LEDs are at the maximum level of 20, the LEDs outside
the FOV can be assigned any transmit power parameter
value within the feasible region (for example, [5, 10] for
w13, W14, Wa, 1, Wa3)as these LEDs do not affect the CRLB
value. Hence, the transmit power parameters presented in
the table for those LEDs do not correspond to unique
solutions.

It is also possible that the performance of the proposed
approach (Algorithm 1) can be equivalent to the power
maximization approach in certain instances, as illustrated
in Fig. 4, where the location of the VLC receiver is set as in
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Fig. 5. RMSEs of the ML estimators corresponding to uniform, power
maximization, and the two proposed power allocation strategies
(Algorithms 1 and 2) with respect to w'* for Scenario 1.
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Fig. 6. RMSEs of the ML estimators corresponding to uniform, power
maximization, and the two proposed power allocation strategies
(Algorithms 1 and 2) with respect to w'® for Scenario 2.

Scenario 2. In this scenario, maximizing the received power
atthe VLCreceiver is equivalent to CRLB minimization and
yields the optimal solution. Table V provides the transmit
power parameters obtained from the power maximization
approach and Algorithm 1 for Scenario 2 with w' being set
to 40 and 60. As demonstrated in the table, it is evident that
the two approaches result in the same transmit power param-
eters. However, they still demonstrate superiority over the
uniform power allocation as noted from Fig. 4. Also, similar
to Table II, the transmit power parameters of the LEDs that
are not in the FOV of the VLC receiver in Scenario 2 are
marked with blue color in Table V,and w, 1, wy 2, w3 1, w33
are not unique for w'* = 60.

Figs. 5 and 6 illustrate the RMSE values of the ML
estimators implemented in the iterations of Algorithm 2
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along with the RMSEs of the ML estimators of Algorithm 1
(the case of known VLC receiver location) with respect
to w' for the two scenarios. It is observed from these
figures that, despite the initial position of the receiver being
unknown in Algorithm 2, the results produced by it are
comparable to those of Algorithm 1 after a few iterations.
Fig. 5, which corresponds to Scenario 1, demonstrates that
the performance of Algorithm 2 gets very close to that of
Algorithm 1 in the third iteration. Notably, even in the sec-
ond iteration, a substantial enhancement in the performance
of the proposed method (Algorithm 2) is evident when
compared to both the uniform power allocation and power
maximization approaches. On the other hand, as illustrated
in Fig. 6, when the location of the VLC receiver is as in
Scenario 2, the performance of Algorithm 2 converges to
that of Algorithm 1 in the second iteration. The third itera-
tion is omitted from the figure since convergence is already
achieved in the second iteration. In summary, Algorithm 2
is shown to provide a viable solution for practical cases in
which the location of the VLC receiver is unknown. These
results demonstrate the practicability and efficacy of the
proposed approach, suggesting its potential for successful
implementation in practical settings.

V. CONCLUDING REMARKS

In this manuscript, we presented a power allocation
framework for asynchronous VLP systems using LED ar-
rays, with consideration of practical power and illumination
constraints. The proposed approach involved the formula-
tion and solution of a constrained optimization problem
for minimizing the CRLB for the receiver location while
satisfying the constraints imposed by illumination require-
ments and power limitations. Our two-step algorithm, which
first maximizes the total received power via convex op-
timization, and then, refines the power parameters with
a projected gradient descent approach, proved effective
and practical, especially when integrated with an iterative
localization procedure. Simulation results confirmed that
the proposed power allocation strategy consistently attains
superior positioning accuracy in comparison to uniform or
purely power-based methods, illustrating its significance for
indoor localization applications.

As possible directions for future work, effects of mul-
tipath reflections can be considered and experiments based
on real data can be conducted for investigating effects of
hardware imperfections. Also, a misspecified CRLB anal-
ysis can be performed for taking hardware imperfections
into account.
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