Chapter 7
Normed and Inner Product Spaces

7.1 Normed Vector Spaces

Recall that the length of a vector x = (z1, 22, 23) in R® is

x|l = vz + |22 + Jas]?

Norm is a generalization of the concept of length to vectors of abstract spaces.

7.1.1 Vector Norms

Let X be a vector space over F, where F is either R or C. A function which associates
with every vector x € X a real value denoted || x|| is called a norm on X if it satisfies
the following.

N1. || x|l > 0 for any x # 0.

N2. ||ex|| = |c]|||x] for all x € X and ¢ € F.

N3. [|x+yl <|Ix||+||y] for all x,y € X.
A vector space with a norm defined on it is called a normed vector space.

Note that property N2 implies that [|0] = 0. Property N3 is known as the
triangle inequality.

If x is a nonzero vector in X, then ”—}ICHX has unity norm, and is called a unit
vector.
Example 7.1

A simple norm on R" is

%l = [z 4 - - 4 [nl

which is called the uniform norm. Obviously, it satisfies properties N1 and N2, and
N3 follows from the property of the absolute value that |a + b| < |a| + || for a,b € R.
In fact, for any real number p > 1

@ aa) b= ) faal?)? (7.1)

is a norm on R"™, which reduces to the uniform norm for p = 1. Again, properties N1 and
N2 are satisfied trivially. Proof of the triangle inequality for p > 1 is left to the reader
(see Exercises 7.3 and 7.4).
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244 Normed and Inner Product Spaces

In particular,

%1l = Vi

is a norm, called the Euclidean norm. The Euclidean norm is a straightforward gen-
eralization of length in R? or R®.
Letting p — oo, we observe that

[ % [loc = max {|z1],..., |[zal }

is also a norm on R", called the infinity norm.
As an illustration, if x = (4, —12, 3) then

Ix[p = 4+12+43 = 19
Ixllo = VI6+144+9 = 13
[x]loc = max{4,12,3} = 12

Corresponding norms on C", R™*! and C"*! are defined similarly.

Example 7.2

Recall from Example 3.4 that a real n-tuple (z1,2,...,2y) can be viewed as a function
f :n — R such that

flk]=zx, ken (7.2)

Hence for any p > 1
1£I= O IFR)P)Y?
k=1

defines a norm on the function space F(n, R).

Now consider the function space Co(Z, R) of real-valued continuous functions defined
on a closed interval Z = [a,b]. Replacing the summation in (7.2) with an integral, we
observe that for any p > 1

nﬂu=</|ﬂwWﬁf” (7.3)

is a norm on Co(Z,R) (see Exercise 7.5)." In particular,
b
i = [ o

£ 1l (/iumfwf”

[ flle = max {|f(t)]}

a<t<b

are norms on Co(Z,R), which are also called the uniform, Euclidean and infinity norms,
respectively.

IThe reason for restricting our attention to Co(Z,R) rather than F(Z,R) is to guarantee the
convergence of the integral in (7.3).
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As an illustration, if

f(t)=sint, —n<t<mw

then
Ifll = / |sint|dt:2/ sintdt — 4
o o
Ifll= = (/ sin?tdt)w:(%/ (1—cos2t)dt)"/? = /m
I flle = _nax {|sint|} =1
Example 7.3

Consider the vector space Co(Z, R™*"), where Z = [a,b] is a closed interval. Recall from
Example 3.5 that a vector-valued function f € Co(Z, R™*') can be viewed as a stack of
scalar functions fi,..., fn such that f(¢t) = col[ fi(¢),..., fn(t)] for every ¢t € 7.

Let
n
f||l= i 4
I£1l qlea;{;m(tn} (7.4)
Then || - || trivially satisfies properties N1 and N2 of a norm. Since

If+gl = max{> [fi(t)+a(t)|}

tel

tel

< max{Y 1@+ le)]}
< max () 1@} +max{Y le:®|} = ] +]gll

it also satisfies property N3. Hence it is a norm on Co(Z, R"*1).
The summation in (7.4) is the uniform norm of the vector f(t) € R™*!. Let us denote
its value by l/f(t) to indicate its dependence on f and t:

)= |f@) | forall teT (7.5)

(7.5) defines a scalar continuous function vf € Co(Z,R). The maximum value of vf on T
is its infinity norm. Thus (7.4) can be rewritten as

I£1 = 110" oo (7.6)

The norms in (7.5) and (7.6) bear no special significance in defining || f||, and they
can be replaced with arbitrary norms. By letting

vEt) = ||£(t) ||, forall teT (7.7)
and
£ llpa =l lla (7.8)

for arbitrary p,q > 1, we can define many different norms on Co(Z,R™*'). For details,
the reader is referred to Exercises 7.7 and 7.8.
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7.1.2 Matrix Norms

Since C™*"™ is a vector space, we may attempt to define a norm for matrices. For

example, it is rather easy to show that

IAllF= (7.9)

is a matrix norm, called the Frobenius norm. For m = 1 or n = 1, it reduces to the
Euclidean norm. In fact, Frobenius norm of an m X n matrix A is the Euclidean norm
of an mn x 1 column vector formed by stacking the columns of A. In addition to the
properties of a norm, the Frobenius norm also satisfies the consistency condition

I AB|r <[ Allr[IBllr

which is useful and often desired in matrix operations.
For any p > 1, let

[ Ax [
Allp, = max = max Ax 7.10
Al = ma (4 = max (] 4x]),) (7.10)
Then we have the following properties of || - ||,.

a) Since || Ax ||, > 0 and ||x ||, > 0 for x # 0, | A|, > 0. If A # O, then there
exists x # 0,,x1 such that Ax # 0,,x1, so that

0 <[l Axlp < [ AllpllxIl

that is || A||, > 0.

b) For any scalar ¢

ledly = max {Je||lAx],}=e| max {||4xl,}= el Al,

¢) Since || (A+ B)x |, < || Ax ||, + || Bx [, we have

[A+Bl, = max {|4x+Bxl,)
< max ([ 4x], + | Bxl,)
< max {1 Axlp b+ max (] Bxlp}
= 1Al + 1Bl
Hence || - ||, is a norm on C™*", called the matrix norm subordinate to the

p-vector norm.

2In this definition, a matrix is interpreted as a mapping between two vector spaces rather than a
vector: For x # 0, the ratio || Ax ||p/|| x ||p is the factor by which the strength || x ||, of the vector x
(as measured by its p-norm) changes while undergoing the transformation represented by the matrix
A. Hence || Al|p represents the maximum possible change in the strength of a vector x when it
is transformed into Ax. This interpretation of the norm of a matrix can be generalized to linear
transformations between arbitrary normed vector spaces (see Exercise 7.13).
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All matrix p-norms satisfy the consistency condition. This follows from the fact
that

[ ABx |, < | Allp | Bx[lp < [[Allp | Bllp [l x|l
so that

ABx
481, = max 152y < g, 1 51,

It is left to the reader (see Exercise 7.11) to show that the matrix norm subordinate
to the uniform vector norm is the maximum column sum

[

m
4l = g (3 lasl) = max (s lh)
1=

1<j<n

where a; denotes the jth column of A, and the matrix norm subordinate to the infinity
vector norm is the maximum row sum

1<i<m 1<i<m

n
IAlle = max {3 oy} = max {|le|}
j=1

where a; denotes the ith row of A.3> Note that
A oo =1 AllL, A" 1 =1 Alloo

We shall consider the matrix norm subordinate to the Euclidean vector norm in
Chapter 8.

MATLAB provides a built-in function to compute the uniform, Euclidean, infinity
and Frobenius norms of vectors and matrices. The function norm(X,p) returns the
p-norm of X, where p = 1,2, co for p-norms or ‘fro’ for Frobenius norm.

Example 7.4
Let

2 3 5
A_{341]

Then
lAllr = V44+9+25+9+16+1 =
Al = max{(2+3),3+4),6+1)} = 7
[Alle = max{(2+3+5),3+4+1)} = 10
3These definitions are valid for m x n matrices with m > 2. For a row matrix a = [a1, ... ,an ],
the definition would result in inconsistent identities || & ||cc = || @||1 and || @||1 = || ¢ ||oc Where || - ||

denotes the vector norm on the right and the subordinate matrix norm on the left.
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7.2 Inner Product Spaces

Let X be a vector space over F, where F is either R or C. A function which associates
with every pair of vectors x,y € X a complex scalar denoted (x|y) is called an
inner product on X if it satisfies the following.

I1. (x|x) >0 for all x € X, and (x|x) =0 if and only if x = 0.
2. (x|y)*=(y|x) for all x,y € X.
3. (x|ay+bz)=a(x|y)+b(x]|z) forall x,y,z € X and a,b € F

A vector space with an inner product defined on it is called an inner product space.
If X is a real vector space, then property 12 reduces to (x|y ) = (y|x).

The following properties of inner product are immediate consequences of the def-
inition.

a) (x|0)=(0]|x) for all x € X

b) (ax+byl|z)=a"(x|y)+b*(x|z) forall x,y,z € X, and a,b € F

Example 7.5

The standard inner product on C"*! is defined as
(x|y)=x"y =) aiy
i=1

Clearly,

n

(x|x) = |oi* >0

i=1
and (x|x) =0 if and only if z; = 0 for all ¢, or equivalently, x = 0. Also
(x|y) = x"y)" =y"x = (y]x)
and
(x|ay +bz) =x"(ay + bz) = ax"y +bx"z =a(x|y)+b(x|z)

Similarly, the standard inner product for R™*! is
(x|y)=x"y = Zmiyi
i=1
Another common example is the standard inner product

<ﬂw=/f%MWﬁ (7.10)

defined on Co([a,b],C). All three properties of the inner product are immediate conse-
quences of the properties of the definite integral.

The following theorem states an important property of inner product.



7.2 Inner Product Spaces 249

Theorem 7.1 (The Schwarz Inequality) In an inner product space X

[(x|y) | <Vi{x|x)V(yly)

for all x,y € X, where equality holds if and only if x and y are linearly dependent.
Proof If x and y are linearly independent, then y # 0 and x — ¢y # 0 for any ¢ € F. Then
0<(x—cylx—cy)=(x|x)—c(x|y)—c(yIx)+|(y]y)
With ¢ = (y [x)/(y|y), we get
[(x|y)P

0 < {xlx) = (y1y)

from which the Schwarz inequality follows.
If x and y are linearly dependent, then either y = 0, in which case we have

x|y)=0=+(x[x)\(yly)

or x = ¢y for some ¢ € F so that

x|y =lel [y 190 =l Vv Ty) Vv Ty) = Vx[x) V(v ]y)

An important consequence of the Schwarz inequality is that if X is an inner product
space then

Ix[l = v (x[x)

is a norm on X. Properties N1 and N2 follow immediately from the definition of
inner product, and property N3 follows by taking the square root of both sides of the
inequality

[x+yl*? = (x+ylx+y) = (x[x)+(x|y)+{y[x)+(y|y)
= x> +2Re {{x[y)} +y|?
< IxP+2i x|yl + 1y P
< IxP+20x [yl -+ Iyl
= (Ixl+1lyl)?
Example 7.6

The norm defined by the standard inner product in R*™** or C"*! is the Euclidean norm
[xll2 = Vxix = y/|za> + - + [z ?

Similarly, the standard inner product in Co([a,b], C) defines the Euclidean norm

Hﬂh=(/|ﬂﬂfﬁf“
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Example 7.7
Let for A, B € C™*"

(A|B)=tr (A"B izn:a:jbij
i=1 j=1
Then
(A]A) =Zzafj%=22|aij|220
i=1 j=1 i=1 j=1

and (A|A) = 0 if and only if A = O. Thus property I1 of inner product is satisfied.
Properties 12 and 13 are obvious from the definition. Hence ( A|B) = tr (A"B) is an

inner product on C™*™.

The norm
[All = Ver (ARA) = (D> Jai )2
i=1 j=1

defined by this inner product is nothing but the Frobenius norm defined previously.

7.3 Orthogonality

Let X be an inner product space. Two vectors x,y € X are said to be orthogonal,
denoted x Ly, if (x]|y) = 0. A vector x is said to be orthogonal to a set of vectors
R, denoted x 1 R, if it is orthogonal to every r € R. Two sets R and S are said
to be orthogonal, denoted R LS, if rLs for all r € R and s € S. A finite set
R = {ry,---,ry } is said to be orthogonal if r; # 0 for all 4 and r; L r; for all ¢ # j.
If, in addition, ||r;| = (r;|r;)}/? =1 for all i, then R is said to be an orthonormal
set.
We have the following properties concerning orthogonality.

a) 0 is orthogonal to every vector in X, and it is the only vector that is orthogonal
to every vector in X.

b) If x Ly then [[x +y || = | x[|* + ||y [

¢) If x L R then x L span (R).

That 0 is orthogonal to every vector in X is obvious. If x is a vector that is

orthogonal to every vector in X, then || x||> = (x|x) = 0, and therefore, x = 0. This
proves (a). If x Ly, then

[x+yl*> = (x+ylx+y)
= (x[x)+(x|y) +{(y|x)+(yly)
= (x|x)+(yly) = IxIP+]lyl?

proving (b). Note that property (b) is a generalization of the Pythagorean theorem.
Finally, if x Ll R and y = ¢ir1 + - -+ + ¢xrg for some ry,...,ry € R, then

(xly)=ci(x[r1)+ -+ (x|rp) =0

as x L r; for all ¢, and therefore, x L y.
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Example 7.8

In R**! the vector r3 = col[1,1,1] is orthogonal to each of the vectors
ri =col[1l,—-1,0] and rz=col[0,—1,1]

with respect to the standard inner product, as rir1 = rira = 0. Therefore, r3 | span (r1,r2).
Indeed, for any

C1
X = C1r1 + Ccoro = —C1 — C2
Cc2

rix = 0.

Clearly, orthogonality of two vectors depends on the particular inner product
chosen (see Exercise 7.17). In the rest of this chapter we shall use the standard inner
product for C"*' (R"*!) or Cy([a,b], C), and unless we indicate otherwise, we shall

use the notation || - || to denote the Euclidean norm defined by the standard inner
product.

Let R = (ry,---,rg) be a finite ordered set. The matrix G = [(r;|r; ) |exk is
called the Gram matrix of the vectors ry,---,ry. We claim that

d) R is linearly independent if and only if G is nonsingular

e) if R is orthogonal then R is linearly independent.

If R is linearly dependent then there exists scalars ¢;, not all zero, such that

k
E Cir; = 0
j=1

Taking inner product of both sides with r;, we obtain

Mw

(ri|rj)e; =0, i=1,...,k

j=1
or equivalently, Ge = 0, where ¢ = col[e¢y,...,cx] # 0. This implies that G is
singular. Conversely, if G is singular then Gc¢ = 0 for some ¢ # 0. Then

kok
OZC}LGCZZZC- r;|rj)e; = Zczrl|Zc]r] —||ZCszH

i=1 j=1

and therefore

k
E c;r; = 0
i=1

implying that R is linearly dependent. This proves (d). (e) follows from (d) on noting
that if R is orthogonal then G = diag[| r1 ||%,..., || & ||*].

Let dim (X) = n and let R be an orthogonal (orthonormal) set containing n
vectors. Then since R is linearly independent, by Corollary 3.1 it is a basis for X,
called an orthogonal (orthonormal) basis.
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Example 7.9
Let ri,...,r5 € C"*! be arranged as the column of an n x k matrix:
R=[r1 - r4]

Since (r; |r; ) = rl'r; it follows that the Gram matrix is

G=R"R
Consider the vectors in Example 7.8. Constructing
1 0 1 2 1 0
R=| -1 -1 1|, G=RR=|1 2 0
0 1 1 0 0 3

we observe that G is nonsingular. Hence, (r1,r2,r3) is linearly independent, and there-
fore, is a basis for R3*1.

7.4 The Projection Theorem

Let X be an inner product space with dim (X) = n and let U C X be a subspace
with dim (U) = k. The set

Ut ={x|xLU}

is called the orthogonal complement of U.

Let R = (ry,...,r;) be an ordered basis for U. If x L U then obviously x L r;
for all 4. Conversely, if x L r; for all i, then x 1 span (R) = U. Thus U can also be
characterized as

Ut ={x|xLlr;,i=1,...,k}
Using this characterization, it can be shown that U+t is also a subspace of X (see
Exercise 7.19).
If x € UN U™ then x L x, and therefore, x = 0. This shows that U and Ut are

linearly independent.
Let x be an arbitrary vector in X, and consider the k x k linear system of equation

(rifry) - (rifre) €1 (ri]x)
: : S : (7.12)
(ri|ri) - (relre) Ch (T |x)
Since the coefficient matrix is the Gram matrix of ry,...,rg, it is nonsingular and
hence (7.12) has a unique solution ¢ = e = col [, ..., o ]. Let

k
xu:Zajrj, Xy = X — Xy
J=1
Then x,, € U, and since
k
<r¢|x7j>:<ri|x>7<ri|xu>:<ri|x>72aj<ri|rj>:0, i=1,...,k
j=1

X, € UL, This shows that U + UL = X. Together with linear independence of U
and Ut proved earlier, we reach the following theorem.
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Theorem 7.2 (The Projection Theorem) X = U@ U+t.

The unique vector x,, is called the orthogonal projection of x on U. Note that
X, is the orthogonal projection of x on U™,
As a consequence of the projection theorem we have the following result.

Corollary 7.2.1 Let x,, be the orthogonal projection of x on U, and let x, = X —X,.
Then

min{ [x—u}=x|
and the minimum is achieved at u = X,,.
Proof Writing x — u = x, — u+ %, and noting that x,, — u L x,, we have
x—ul® =% —ul*+x |

from which the result follows.

An illustration of the projection theorem and its corollary is given in Figure 7.1
for X = R**'.

Ut X ||lx—uf
<

U

Figure 7.1: Illustration of the projection theorem

Equations (7.12) provide a computational procedure for determining x,,. In par-
ticular, if R is an orthogonal basis for U then the solution of (7.12) is obtained as
¢; =0 = (rj|x)/(r;|r;) and we have

N SXCIES

= (rjlrj)
If R is orthonormal then this expression further reduces to

k

Xy =Y (rj[x)r; (7.13)

Jj=1

We can derive a compact formula for computating orthogonal projections in n-
spaces. Let X = C"*! and

U:Span(rlarQa"'ark):im([rl ra rk])zlm(R)
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., form a basis for U. For a given vector x let

where rq, ..
X, =11 + -+ cgry = Re, c=col[ey,...,cx]

Since the Gram matrix of rq,rs,...,r is G = R"R, (7.12) becomes

R"Rc = R"x

from which we obtain
c=(R"R)"'R"x and x,=R(R"R)"'R'x

Example 7.10
In R**! the orthogonal projection of x = col [z1, 2, 3]
a) on E; =span (e1) is x1 = z1e1 = col[z1,0,0]
= col [0, z2,0]

b) on Ey = span (e2) is X2 = z2e2
c) on Ei2 =span (e1,e2) is X12 = x1€1 + z2€2 = col [x1,22,0]
The reader can interpret xi, x2 and xi12 as the components of the vector x on the x1

axis, on the x2 axis, and on the xix2 plane, respectively.
Now let u = col[1,1,1] and U = span (u). Then the orthogonal projection of x on

U is
t 1

to\—1.t u'x T1+x2 + T3
Xy =u(uu) ux=—u=——"7-—4""11
utu 3 1

The reader can easily verify that x, 1 x — x,,.

Orthogonal projections are not restricted to finite dimensional vector spaces as we

illustrate by the following example.

* Example 7.11
In Co([0,1],R), let

fi(t) =1,

<f1|f1>:/ dt=1, <f2|f2>:/ 120t —1/2)°dt =1

f2(t) = 2V3(t - 1/2)

Since

and

<f1|f2>=<f2|f1>=/ 2V3(t —1/2)dt =0

0

(f1, f2) is an orthonormal set.
Let U = span( fi, fo) and f(t) = t*. The orthogonal projection of f on U is

fu = a1 f1 + aafa, where

1

— — 12 P
a1—<f1|f>—/0 t dt—3
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and

a2 = {(f2| f) /2\/_1‘/71/215 dt = \/5

Thus
fut)=(1/3)+ (t—1/2) =t —1/6

Referring to Figure 7.1, we observe that the angle between the straight lines that
contain the vectors x and u is given by

f(x,u) = cos™! 1% | :cos*IM 0<0<m/2

x| 3NN

where the second equality follows from

<UIX> |<UIX>

|

Note that since || x, || < || x ||, 8(x, u) is well-defined. This definition of angle between
two vectors in the plane can readily be generalized to vectors of any inner product
space. It can be used as a measure of alignment, and therefore, linear independence of
two vectors: The larger the angle between two vectors the more linearly independent
they are. Thus orthogonal vectors are maximally linearly independent. This explains
why the vectors u; = (2.0,1.0) and uy = (1.0, 2.0) in Example 3.20 can be considered
to be more linearly independent than the vectors vy = (1.1,1.0) and vy = (1.0,1.1)
of the same example: Comparing the angles between vectors of each pair, we see that

4.0
f(uy,uy) = cos 50 = 0.6435 (= 36.9°)
whereas

2.2
0(vy,va) = cos ™! 2—2(1) = 0.0952 (= 5.5°)

7.4.1 The Gram-Schmidt Orthogonalization Process

Let R,, = (r1,r2,...,ry ) be an ordered linearly independent set in an inner product
space X. Define vectors uj, ua, ..., u,, successively as
u = I
1—1 |
w = Z dnl) iz m (7.14)
= (uj [uy)

We claim that

a) u; #0,i=1,...,m, so that the process continues to the end without encoun-
tering a problem of division by zero

b) the set U,, = (uy,us,...,u,, ) is orthogonal

¢) span (U,,) = span (R,,)
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We prove the claims by induction on m. Since u; = r; # 0, they are obviously
true for m = 1. Suppose they are true for m = k, and consider the case m =k + 1.
Since

k
(Tht1[uy)
Vigl =y ~————2u;
jz::l (wjfu;)
is the orthogonal projection of ri11 on span (Uy) = span (Ry) we have
Upy1 =Tpq1 — Vi1 70

for otherwise, rp41 = viy1 € span (Ry) contradicting linear independence of Ryy1.
Also, since ug+1 L Uy and Uy is orthogonal by induction hypothesis, U1 is also
orthogonal. Finally,

span (Ug11) = span (Uy) @ span (ug41)
= span (Ry) @ span (ug11)
— span (Ry) @ span (ry41) = span (Ry1)

The process described above, which generates an orthogonal set from a linearly
independent set, is known as the Gram-Schmidt orthogonalization process
(GSOP).

The GSOP can also be used to check if a given set is linearly independent: Suppose
that the subset Ry is linearly independent, but Ry is not for some k& < m. Then,
since ri41 € span (Ry) = span (Uy), the process gives ug1 = 0 at the (k+ 1)st step.
Conversely, if the process continues up to the kth step, and gives ugy; = 0, then we
conclude that Ry, is linearly independent, but Ry is not.

Example 7.12

Let us complete {r} to an orthogonal basis for R**!, where r = col [1,1,0].

Referring to Corollary 3.2, all we have to do is to apply the GSOP to the set
(r,e1,e2,e3) and obtain an orthogonal set while eliminating the vectors that are lin-
early dependent on the previous ones. The process continues as follows.

i

u1 =
. M1 1 1/2
u2 = e] — eilh u; = 0 — l 1 = *1/2
Wt 0 210 0
t t
us _ ey — esu; o eiUQ )

t 1
u;uy usu2

0 1{1' _1/2[ 1/2] lol
V=21 [ =22 a2 | =1 o
[0] 20| 12 0 0

Since uz = 0, we conclude that e is linearly dependent on u; and uz (equivalently, on r
and e1), discard ez, and continue with es. Observing that es L {u1,u2}, we immediately

take
0
uz — ez = 0
1
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7.4.2 The Least-Squares Problem

Let A € F™" and y € F"*!. Recall from Section 3.5 that if y ¢ im (A) then the
linear equation

Ax =y

has no solution. In such a case, we might be interested in finding an approximate
solution x = ¢ such that A¢ is as close to y as possible with respect to a suitable
measure. If we use the Euclidean norm on F™*! as a measure of closeness, the problem
can be formulated as

min {|y—Ax|} (7.15)

xel:"><1
Since
{Ax|x € F"*'} =im(A)

problem (7.15) is a matter of finding the orthogonal projection of y on im (A). Let
v be the orthogonal projection of y on im (A). Then

min { |y —Ax|[|} = [y —ya
XGF

and the minimum is achieved at a solution x = ¢, ¢ of the consistent equation
AX=ya (7.16)

Such a solution is called a least-squares solution of the equation Ax =y, for the
reason that it minimizes the sum of the squares of the differences between the elements
of y and those of Ax.

Let 7(A) = r and let the columns of R = [r; --- r,] be a basis for im (A). Then
the orthogonal projection of y on im (A) is

ya = Ra = R(R"R)"'Rhy

Once y 4 is found, a least-squares solution can be obtained by solving (7.16).
In the special case when r(A) = n, we can choose R = A. Then

ya=A(A"A)"1 Aly
and (7.16) becomes
Ax = A(A"A) "t Aly
Clearly, the formula
x=¢r5=(A"A)" Ay (7.17)

gives a least-squares solution.
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Example 7.13

A constant quantity x is measured three times, and the values 1 = 14.6, z2 = 15.6, z3 =
14.8 are obtained. What is the best estimate of x based on the measurements? In what
sense?

The problem can be formulated as a linear equation as

1 14.6
1 |xz=| 15.6
1 14.8

which is obviously inconsistent. A least-squares solution can be obtained from (7.17) as

14.6
1 14. 1 14.
r=¢us=3[1 1 1]] 156 w_mo
14.8
Observe that the least-squares solution x = 15.0 is simply the average of =i, x2

and z3. It is the best estimate in Euclidean norm in the sense that it minimizes the
sum-square error

e’ = (z —14.6)> + (z — 15.6)° + (z — 14.8)*

If the error were measured with infinity norm, then we would try to minimize the
absolute error

e = max{ |z — z1], |z — z2], |z — 3] }
In this case the best estimate would be z = 15.1.

* Example 7.14

An operation analyst conducts a study to analyze the relationship between production
volume and manufacturing expenses in the auto tyre industry. He assumes a linear
relation

y=ar+b

between the number of tyres produced per day (z) and the daily manufacturing cost (y),
and collects data (z;,y;) from N companies. His problem is to compute a and b such
that the assumed model fits best the collected data.

Clearly, he is faced with a least-squares problem involving the linear system

C oz 1 _
X2 1 a Y2
Ll
L zn 1 Yn |

the solution of which is given by (7.17). Straightforward computations yield

[ a } _ 1 [ N> iy — Oz (O ve)
b NY a2 — (Na)? L ) ad) — (o) ways)

Letting
1

1
uy=ﬁzym Ozy = — iy)

1
~ 2@
1

v 2@
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the least-squares solution above can be manipulated into
o
a = % ) b= Hy — Qe
o

x
As a numerical example, suppose that the operation analyst collects the following
data from N = 10 selected firms, where y is in thousands of dollars:

z: 600 700 825 925 1050 1125 1200 1275 1400 1500
y: 148 158 169 180 195 199 224 250 263 28.7

The solution of the least-squares problem yields a linear model
y = 0.01392 x + 5.975

the graph of which is shown in Figure 7.2 together with the data points. The parameters
a and b of the linear model are chosen so as to minimize the total sum-square-error
N
=3 d =3 (awi+b-y)? = Ax—y |
i=1 i=1
Based on this model, the analyst expects the total cost of a firm that produces = = 1000
tyres to be

y = (0.01392)(1000) + 5.975 = 19.895

thousand dollars.

30

281

261

241

221

201

181

161

141

12 . . . . . .
600 800 1000 1200 1400 1600

Figure 7.2: Data points and the least-squares linear model

7.4.3 Fourier Series

Let X be an n-dimensional inner product space, let (u, ug, ..., u,) be an orthonormal
basis for X, and let the subspaces V1, Va,..., V,, be defined as

V; = span(u)

V2 = span(u,uz)

V, = Spal (111,112, aun)
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Consider an arbitrary vector x € X. The orthogonal projectionsof x on Vi, Vg, ..., V,
are computed as

X1 = awm
X2 = c1ui + cug
(7.18)
X, = c€1u1+couz+ -+ cpu,
where
p=(uy|x), p=12....n

Note that each c,u, is the orthogonal projection of x on the one dimensional subspace
U,, = span (u,). To construct the orthogonal projection on Vo = U; @ Uy, we simply
add the orthogonal projections on U; and Us; to construct the orthogonal projection
on V3 =U; & U, & Us, we add the orthogonal projections on U;, Uy and Ugs; and
so on. This is a consequence of (uj,ug,...,u,) being orthogonal. Otherwise, the
orthogonal projection on U; & Uy would be different from the sum of the orthogonal
projections on the individual subspaces (see Exercise 7.34).

From the discussion in the previous section we know that each x, is the best
approximation to x in terms of the vectors of Vg, ¢ =1,2,...,n. Since

Vi, CcVyC--CV,

X9 is a better approximation to x than x; is, x3 is better than x5 is, and so on. That
is,

[x=xi[[ =[x =% = >[x—x|
In fact, since V,, = X, we have x,, = x so that ||x — x,, || = 0. The situation,

which is illustrated in Figure 7.3 for X = R®, is easy to understand when X is finite
dimensional. The infinite dimensional case is more interesting.

X3™ X

X

Figure 7.3: Orthogonal projections of a vector
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Suppose dim (X) = oo, and suppose (uj,us,...,U,,...) is an infinite sequence of
orthonormal vectors in X.* For an arbitrary x € X, let us define the subspaces V,
and the vectors x4 as in (7.18) and (7.18) with the index ¢ running not just up to
n but up to infinity. Then again each x, is the orthogonal projection of x on the
g-dimendional subspace V, and hence it is the best approximation to x in terms of
the vectors in V. That is,

i — = — =1,2,...

Jin f|x—uff=lx-x [, ¢=12
Since V, C Vg1, we also have

I =%gp1 = min Jlx—ul < min fx—uff=]x-x]|
that is,

[x—x1[| = |x=x2| =~ =[x =% = -+

The interesting point is that although x, approximate x better and better as ¢ in-

creases, without further information about the set (u, us, ..., u,,...), we cannot say
that
lim ||[x—x4]=0 (7.19)
q — o0

However, if (7.19) is true, we formally write

oo

X = Z cpuy (7.20)
p=1

The expression on the right-hand-side of (7.20) is known as the Fourier series of x
in terms of (uy,ug,..., uy,...).
Example 7.15
Refer to Example 3.25. Let X = F(Dy, C), and define
1

(Floy =~ > I [HglH

=
Il

which is the standard inner product on CV*! scaled by 1/N. (Recall that F(Dx,C) is
essentially the same as CV*1))

Consider the set of functions ¢p,p =0,..., N — 1 defined in Example 3.25. Using the
hint in Exercise 3.20, it can easily be shown that ( ¢, ) is an orthonormal set in F(Dy, C').
Then for a given f € F(Dn,C), (7.20) reduces to the (discrete) Fourier series in (3.7),
where

e = (6 1) =5 3 G
k=0

and each cp¢, term is the orthogonal projection of f on span (¢5p).

4Here we assume that such an infinite orthonormal set exists. Although with our present knowl-
edge we cannot guarantee the existence of such a set, we may try to construct one.
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Example 7.16

Let X be the vector space of piece-wise continuous complex-valued functions defined on
a real interval (0,7"). Let us define an inner product on X as

(flg)= / f( (7.21)

which is the familiar standard inner product scaled with 1/T". Consider the following set
of functions:

ik 2Ty
ot)=e T | k=...,-1,01,...

It is left to the reader to prove that (¢x) is an orthonormal set with respect to the inner
product in (7.21). Hence the Fourier coefficients of a given function f are computed as

—k—
= (¢l f)= / fwe T 4

As a specific example consider the piece-wise continuous function

1, 0<t<05
f(t)_{ 0, 05<t<1

defined on the interval (0,1). Then its Fourier coefficients are computed as

1 _
0.5 oot 2’ k=0
Qg :/ e T at=¢ L Lodd
o ki
0, k # 0,k even

Hence the orthogonal projection of f on the subspace

Uq:Span(gb*lh'"7¢*17¢07¢17"'7¢l1)

is given as
1 ~ 1 gokmt 1 i2k t
2k —i2km
= - _— _— —_— 2
fa(t) 5 + E (km' e i € —I— E sin 2kmt
k=
k o(}d k odd

Plots of f and f, for ¢ = 0,1, 3,9 are shown in Figure 7.4.

7.5 Exercises

1. (a) Find the uniform, Euclidean and infinity norms of the following vectors.

2
X = -3 ’ y =
5

(b) Repeat part (a) by using MATLAB command norm.

1+
—31
2

2. In R? plot the locus of points x for which || x|, = 1 for p = 1,2, co.
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1.2r

0.8y

0.6]

0.4r

0.2r

-0.2 ‘ s ‘ ‘ ‘
o) 0.2 0.4 0.6 0.8 1

Figure 7.4: Fourier approximations of a function

3. Let p > 1 be a real number and ¢ > 1 be such that p~* + ¢~ ' = 1.
(a) Show that
ut/Pyt/e <u/p+wv/q forall u>0, v>0
Hint: First show that
(1+z)P>14pxr forall z>-1, p>1
and let 1+ z = (u/v)'/?.
(b) Prove Holder’s inequality

n n n
D iyl < O L)Y lwal )
=1 =1 =1

for x = col[z1,...,2,] and y = col[y1,...,yn] € C*™'. Hint: Apply the
inequality in (a) to
” lyal?

n
>yl
i=1

|

-
2wl
i=1

and then take summation on 3.

= Uu; , =v; =

4. Prove Minkowski’s inequality

n n n
O i+ w7 < Ol P+ O lwal?)M?
i=1 i=1 i=1
Hint: Take summation of both sides of the inequalities
@i+ il < Jwil [os +yil " H il le 4 w7, i=1,000m
and use Holder’s inequality and the identity ¢(p — 1) = p.

5. Show that

b
1l = </ )P )P
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is a norm on Co([a, b], R). Hint: Derive integral counterparts of Holder’s and Minkowski’s
inequalities.

6. Find the uniform, Euclidean and infinity norms of the following functions.
(a) fH)=t—1, 0<t<2
(b) g(t) =e™", —mjw<t<mlw
(¢) R(t)=1/t, 1<t<T, T— o0
7. Refer to Example 7.3. Since the components of any f € Co(Z,R™*?!) are continuous,
the function v defined in (7.7) is a continuous function for any p > 1. Hence, | f ||p.q

in (7.8) is a well-defined quantity for any g > 1. Now, f # 0 implies 1/15 # 0, which in
turn implies || f||p,q > 0. Also, for any ¢ € R,

vt () = 1 (eB)(t) llp = I et (t) o = el |£(2) [l = | e|vp(t) forall teT

so that

e lpa =25 lla = Illelvplla = lel v lla = lel I £l

Thus || f ||,q satisfies the first two properties of a norm. Show that it also satisfies the
triangle inequality, so that it is a norm on Co(Z, R™**").

8. Refer to Example 7.3.
(a) Let f(t) =col[1,¢], 0<t<1. Find |[f]1,2 and ||f 2,0
(b) Let h(t) =col[t,t —1], 0<t<1. Find | hlj1,00c and || h||oc,1

9. Two norms || - || and || - ||" on X are said to be equivalent if there exist 0 < ¢1 < ¢z
such that

allx|| <|x| <ec||x]| forall xeX
in which case

1 / 1 '

—Ix|"<|Ix]| < —|Ix]|' forall xeX

C2 C1

(a) Show that all p-norms on C™** (including p = co) are equivalent. Hint: First
show that all p-norms are equivalent to the co-norm.

(b) Does a corresponding result hold for the p-norms on Co([0,1], R)? Hint: Suppose
that there exist 0 < ¢; < ¢ such that

cal[flli <N flle Scall fllx forall feCo([0,1],R)
Let

and show that the second equality is violated for sufficiently large n.
10. Show that the following are norms on F™*™.

(a) TAI =D lay]

i=1 j=1

(b) Al = max {a;| }
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11. (a)

12. (a)
(b)

Show that the matrix norm subordinate to the uniform vector norm is
m
Al = max {D i} = max {lla;l:}
i=1

where a; denotes the jth column of A Hint: Suppose that the maximum of the
right-hand side is achieved for j = ¢q. Show that for arbitrary x = col [z1,...,Zn]

[ Axc i < (Jer] + -+ fan]) - [[ag [ = [lag 1] x 11

with equality holding for x = e,.

Show that the matrix norm subordinate to the infinity vector norm is
n
||A||oo:1ga;¢n{zl|au|}=lga%xm{||ai I}
=

where a; denotes the ith row of A. Hint: Suppose that the maximum of the
right-hand side is achieved for ¢ = p. Show that for arbitrary x = col[z1,...,Zn]

1 A [|oo < max {)  Jas|} - max {|;]} = || ep |11 ]| x [l
i 4 J
Jj=1
with equality holding for
x = col [sign(ap1),...,sign(apn) ]
Find the uniform and infinity norms of the following matrices.

Use MATLAB command norm to verify your results.

-1 1
A= 0 3|, B=A
2 -1

13. Let A : R**? — R?*? be defined as A(X) = X"'. Clearly, A is a linear transformation.

Find
X'l
A1 = max I
I Al = max XD
14. Let X be a normed vector space with a norm || - ||. An infinite sequence of vectors
(xr ) is said to converge (in the norm || - ||) to a limit vector x, denoted as

lim x,=x
n — oo

if the sequence of real numbers (||x, — x||) converges to 0. Equivalently, (x» )
converges to x if for any € > 0 there exists an integer N > 0 such that

|xn —x| <e forall n>N

Check if the sequence (% ), where

1
llml
Xp = )
37

converges in R**!, and find its limit if it does. Does your answer depend on the
particular norm you choose for R?*1?
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15. A sequence (X) in a normed vector space X is called a Cauchy sequence if

lim  ||xp —Xm ||=0
m,n — oo

Show that every convergent sequence in X is a Cauchy sequence.

16. (a) Find all orthogonal pairs of the following vectors in R**! w.r.t. the standard
inner product:

(4] w4 1)< [ 1]

(b) Repeat (a) for the following vectors in C***:
1

31 0
, Zo = 1 , Z3 = 1414 , Zy =
1+ 1—1 -1

(c) Repeat (a) for the following vectors in F([0,1], R):
fi=1, fot)=t+1, fs(t) =2t — 1, fa(t) =6t — 6t + 1
17. For x,y € R®*! let

-1
—1

1+

1
zZ1 =

(x|y)q =1y + T1y2 + T2y1 + 2222 = X' Qy

o[ 1]

(a) Show that (-|-)q is an inner product. Hint:

where

(x]x)q = (v1 + 32)° + 25

(b) Are e; and ez orthogonal with respect to this inner product? Find a vector that
is orthogonal to e; and a vector orthogonal to es.

(¢) The norm defined by this inner product is

Ixlle = Vx'Qy = /(@1 +x2)* + a3
Compute || e1 || and || ez ||q.

18. Show that Schwarz inequality for R®*' and F(Z,R) is a special case of Holder’s in-
equality.

19. Let U be a subset of an inner product space X. Prove that UL is a subspace of X.
Hint: Show that U~ is closed under vector addition and scalar multiplication.

20. In R3*! et
1
U=span(| 1 |)
1

Find bases for U and (U+)*.
21. In Co([~T,T],R), let
U={flf(=t) =)}

Characterize the orthogonal complement of U with respect to the inner product in
(7.11).
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22. Apply GSOP to
u; =col[1,1,0], wuz=col[0,2,1], wus=col[4,0,1]
to generate an orthogonal basis for R3*!.
23. The MATLAB command orth(A) finds an orthonormal basis for im (A). Thus if
A=[a; --- ap,] and B = orth(4)=[b1 - - bg]
then (bi,...,bq) is an orthonormal set generated by (ai,...,a, ).

(a) Use orth to generate an orthogonal basis for R®*! from the vectors in Exercise
7.22.

(b) Use orth to compute the rank of the matrix
1 2 1 -3
A= -1 1 2 -3

2 -1 -3 4

24. Let x; =col[1,1,0] and x2 = col[1,1,1].
(a) Apply GSOP to (x1,x2) to generate an orthonormal set (vi,va).

(b) Find orthogonal projections of x = col[0,1,1] on S; = span(x1) and on Sz =
span (X1, X2 ).

(c) Repeat (a) and (b) for x; = col[1,—1,0], x2 = col[0,1,1] and x = col[1,1,1]
25. In R? find the minimum distance from the origin to the plane
221+ 32 —x3 = =5

and also find the point on the plane closest to the origin. Hint: The given plane has
a normal n = (2,3, —1).

26. A mirror lies in the plane defined by
—2x1 +3z2+23=0
which defines a subspace of R®. Find the reflected image of the vector x = col [5, 2, —3].
27. Consider Co([—1,1],R) with the inner product given in (7.11).
(a) Apply GSOP to the set (1,t,t?) to generate an orthonormal set of functions.
(b) Find the orthogonal projection of g(t) = t* on span ( 1,¢,t?).

28. Let A € C™*", and U € C™*! be a proper subspace. Show that if U is A-invariant,
then Ut is A"-invariant.

29. (a) Find a least squares solution to

RIS

(b) Use MATLAB command x=pinv(A)*b to verify your result.

30. Consider the linear equation

1 1 2 0
-1 1 0 |x=] 2
1 0 1 2

(a) Characterize all least squares solutions xzs of the given equation.
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31.

32.

33

34.

35.

36.

(b) Among all least squares solutions, find the one with minimum norm.

(a) In the zy plane plot the locus of all vectors (points) of the form x = p+cq,c € R,
where

(1] o[:]

(b) Determine geometrically the value of ¢ such that || p + ¢q ]| is minimum.

—
o
~

Formulate and solve the problem in part (b) as a least-squares problem.

—
o
Na)

Find a, b, ¢ which minimize

1
/ (t* —a—bt — ct®)? dt

1
(b) Formulate and solve the problem as a least-squares problem in Co([—1, 1], R).

. Let f(t) be a continuous function defined on an interval 0 < ¢ < 1. Consider the
problem of approximating f by an (n — 1)st degree polynomial

n—1
p(t) =Y pit*
k=0

whose coefficients px, k = 0,...,n — 1, are to be determined such that the error

o / ip(t) — SO dt

is minimized.

(a) Obtain a system of n linear equations in the n unknowns pg,k =0,...,n— 1, by
setting
OF
— =0 R = O7 L,n— 1
Opr

Show that the coefficient matrix of the resulting linear system Hp = b is a
Hilbert matrix of order n.

(b) Interpret the problem as a least-squares problem.

Let
1 1 1 0 1
-a[i] =-a[i] [}

(a) Find the orthogonal projections x;1 and x2 of x on span (u:) and span (us).
(b) Find the orthogonal projection x12 of x on span (ui,uz). Is x12 = x1 + X27
Explain.
Refer to Example 7.16. Obtain the Fourier series of the function
f)y=t, 0<t<1
Use MATLAB to compute and plot the Fourier series truncated at k = 0, 1, 5, 10.

Let (x;,i =1,...,k) be an orthonormal set in an inner product space X. Show that
for any x € X

k

2 2
>l =) P < x|
=1

The inequality above is known as the Bessel’s inequality and is true whether X is
finite or infinite dimensional.



